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Abstract— The Gauss–Newton with approximated tensors (GNAT) method is a nonlinear model-reduction
method recently proposed in Ref. [1]. In contrast to
proper orthogonal decomposition (POD)–Galerkin, GNAT
employs discrete-optimal approximations: the solution
computed at each time step minimizes an error measure
with respect to the full-order-model solution. This leads to
improved stability and accuracy over POD–Galerkin for
many problems.
Here, we describe recent developments in the GNAT
methodology. First, we present global state-space error
bounds. Next, we introduce a ‘sample mesh’ concept that
enables an efficient, distributed implementation of GNAT
in finite-volume-based CFD codes. Finally, we demonstrate
GNAT’s performance on an unsteady, compressible, turbulent flow problem with over 17 million unknowns.

I. P ROBLEM F ORMULATION
Consider the ODE resulting from semi-discretizing
the conservation form of the compressible Navier-Stokes
equations (with turbulence model) by a finite volume
method with specified boundary conditions:
dw
= F (w(t), t; µ)
dt
w(0) = w0 (µ).

(1)

where we have omitted the time index and inputparameter dependence for notational simplicity.
B. GNAT projection
GNAT reduces the dimension of Eq. (2) via projection: it computes a solution of the form w̃ = w0 +Φw wr ,
where Φw ∈ RN ×nw is a reduced basis of dimension
nw  N computed by POD, for example.
Substituting w ← w̃ in Eq. (2) yields R(w0 +
Φw wr ) = 0, which is an overdetermined system of N
nonlinear equations in nw unknowns. Rather than solve
ΦTw R(w0 + Φw wr ) = 0 like Galerkin methods, GNAT
computes w̃ as the solution to the minimization problem
minimize

w̄∈w0 +range(Φw )

kR(w̄)k2

(3)

using the Gauss–Newton method. Thus, GNAT delivers
a solution that is discrete optimal at each time step:
the solution minimizes the discrete residual associated
with the full-order model over the trial subspace. In
contrast, Galerkin methods generally do not exhibit
discrete optimality [1].
C. GNAT complexity reduction

N

Here, w ∈ R denotes the state (i.e., the vector of
conserved fluid variables) with N ‘large’, w0 denotes
the parameterized initial condition, and µ denotes the
vector of inputs, e.g., shape parameters. Our goal is to
rapidly solve (1) for arbitrary values of µ.

Although the dimension of the trial subspace is
small, the computational cost of solving nonlinear leastsquares problem (3) scales with N , because R : RN →
RN . To address this bottleneck, GNAT employs gappy
POD [3] to approximate the discrete residual:

II. GNAT OVERVIEW
GNAT introduces approximations after ODE (1) has
been discretized in time. This enables the method to
achieve discrete optimality: it minimizes a measure of
the error between the computed state and the state fullorder-model state at each time step.

R̃ = ΦR [ZΦR ] ZR.

A. Full-order model
Assuming that Eq. (1) is solved by an implicit linear
multi-step integrator, the algebraic system of nonlinear
equations arising at a given time step for given inputs
µ can be written as
R(w) = 0,

(2)

+

(4)

Here, ΦR ∈ RN ×nR with nR  N defines a POD basis
for the residual, Z is a sampling matrix consisting of
ni  N selected rows of the identity matrix, and the +
superscript denotes the Moore–Penrose pseudoinverse.
This approximation is also discrete optimal, as
R̃ = arg

min
x∈range(ΦR )

kZR − Zxk2

(5)

Substituting R ← R̃ in (3) yields the GNAT model
defined at each time step:
minimize

w̄∈w0 +range(Φw )

+

kΦR [ZΦR ] ZR(w̄)k2 .

(6)

See Refs. [1], [2] for more information on the construction of the reduced bases and sampling matrix.
III. E RROR BOUNDS
The following proposition (proved in Ref. [2]) provides global state-space error bounds for the GNAT
solution and highlight the merit of GNAT’s design.
Proposition 3.1: Assume f : (w, t; µ) 7→ w −
∆tF (w, t; µ) satisfies the following inverse Lipschitz
continuity condition for inputs µ and n = 1, . . . , nt :
kf (w, tn ; µ) − f (y, tn ; µ)k
≥ ε > 0.
kw − yk

solution incurs a time-averaged error in the drag coefficient of only 0.68%, yet consumes only 0.23% of
the computational resources of the full-order model (in
walltime × cores). This savings is mainly attributable
to the decrease in cores from 512 to 4 enabled by the
sample-mesh implementation.

(7)

Further assume that the backward-Euler scheme is employed and computes states wn , n = 1, . . . , nt satisfying
kRn (wn+1 ; µ)k ≤ Newton .

(8)

Fig. 1 Sample mesh (red) allows GNAT to run on 4
cores, as only 0.59% of nodes are loaded into memory.

Then, for any sequence of states w̃n , n = 0, . . . , nt
satisfying w̃0 = w0 , a global error bound for the state
at time step n is
kwn − w̃n k ≤

n
X

ak bn−k .

(9)

k=1

Here,

(a) Full-order model

a≡

sup

sup

n∈{1,...,nt } w6=y

kw − yk
kf (w, tn ; µ) − f (y, tn ; µ)k
+

bn ≡Newton + kΦR [ZΦR ] Z R̄n (w̃n+1 ; µ)k+
+

n

k(I − ΦR [ZΦR ] Z)R̄ (w̃
n

n

n+1

; µ)k

n

R̄ (w; µ) =w − w̃ − ∆tF (w, t ; µ).
Note that GNAT minimizes one component of this error
bound (compare the definition of bn with Eq. (6)).
IV. S AMPLE - MESH IMPLEMENTATION
The ‘sample mesh’ concept enables a distributed,
computationally efficient implementation of the GNAT
method in finite-volume-based CFD codes. The main
idea is to extract only the subset of the mesh required
to compute the sampled residual ZR (see Eq. (6)); all
other parts of the mesh are not needed by GNAT and
are omitted from online computations.

(b) GNAT ROM

Fig. 2 Surface-pressure contours at t = 0.1 s
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V. E XAMPLE : A HMED - BODY WAKE FLOW

R EFERENCES

We assess GNAT’s performance on a benchmark
problem in the automotive industry: the Ahmed body.
The full-order model corresponds to an unsteady
Navier–Stokes simulation with a DES turbulence model
and wall function. The finite-volume discretization leads
to N = 17, 342, 604. The implicit three-point BDF
scheme defines the time discretization.
Figure 2 compares the pressure contours computed
by both the full-order model and GNAT. The GNAT
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