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Abstract—Methods for doing global sensitivity analysis with 
small sample sizes are discussed.  Two changes are made to 
our previous algorithm.  Rather than an HDMR expansion, we 
use a full polynomial response surface, but limit the number of 
interaction terms we include.  This reduces the sample size by 
approximately a factor of five. Further reductions are 
obtained by using sparse regression techniques to find the 
regression coefficients, particularly the sparse group lasso. 

 INTRODUCTION I.
Chemical kinetic models of combustion processes consist 

of hundreds or thousands of reactions describing the 
chemistry of dozens to hundreds of chemical species [1]. 
Even for the most studied chemical reactions the rate 
coefficients are not known with a great deal of precision, 
and in many cases most of the rate coefficients are estimated 
[2].  The well-known uncertainty of rate coefficients has led 
to extensive use of sensitivity analysis. Traditionally 
sensitivity analysis has been carried out in a local and linear 
fashion, generated from information near the estimated rate 
coefficient [3].  If the rate coefficient is sufficiently different 
from the nominal value the local sensitivity may be an 
inaccurate estimation of the role of the uncertainty of the 
rate coefficient in the uncertainty of the target. Global 
sensitivity analysis ([4] and [5]) samples the full range of 
uncertainty of all the reactions at once, so that nonlinearities 
and correlations may be described. 

We present here work [6] on using the sparsity of the 
sensitivity indices to significantly reduce the sample size 
needed to get a ranking of the sensitivity of reactions in a 
chemical model.  Using sparse techniques, the sample sizes 
can be much smaller than the number of reactions and thus 
can require less computational effort than linear one-at-a-
time methods that are often used for ignition delays. 

 RESULTS AND DISCUSSION II.
In order to used sparse regression techniques, the 

response surface for the ignition target studied here is 
written in a form [6] that differs from the HDMR expansion 
we typically have used (for example, Ref. 7): 
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where m refers to the number of reactions and n refers to the 
order of the expansion.  It is straightforward to generate 
sensitivity indices (Si’s) using expansions like those in Eq. 
(1a) [6].   Equation (1b) uses the information from the fit in 
Eq (1a):  p is a number determined from the expansion in 
Eq. (1a).   Only reactions in Eq. (1a) whose sensitivity 
indices are above a threshold are used in the second set of 
terms in Eq. (1b).  The value of p is generally less than 200 
in our calculations. We typically use thresholds of Si = 0.005 
or Si = 0.01. The indices “v(j,1)” and “v(j,2)” in Eq. (1b) 
refer to a pair of reactions that are used in the interaction 
term based on their Si’s. It is straightforward to use Eq. (1a) 
to extract Si’s.  Extraction of Si’s from Eq. (1b) requires 
integration, done analytically for the polynomial expansions.  
 Results for butanol ignition are presented in the 
middle panel of Fig. 1, generated using the expansions in 
Eqs. (1a) and (1b).  Comparison of this plot and the one 
above it demonstrates that good results can be obtained with 
the expansion in Eqs. (1a) and (1b) with much smaller 
sample sizes.  The sample size of 7,000 used for Eqs. (1a) 
and (1b) is a significant improvement over the previous 
sample size of 50,000 (top panel of Fig. 1).   We have used 
an HDMR expansion in many studies and found that 
convergence was achieved much more rapidly for the large 
Si’s than for small Si’s. The slowness of the convergence is a 
manifestation of a phenomenon called “overfitting” [8], 
which is alleviated to a significant extent by the expansion 
in Eqs. (1a) and (1b). The reduction of effort is achieved 
using ordinary least squares regression for the fits in Eqs. 
(1a) and (1b).  Even further reductions can be found by 
starting from Eqs. (1a) and (1b) and taking into account the 
sparseness of the results - most sensitivity coefficients are 
very small.  The additional reduction is achieved by using 
sparse regression techniques [8].  

 The savings from sparse regression results from the 
fact that typically the uncertainty of only a few reactions 
contribute significantly to the uncertainty in a given target.  
The sparse regression techniques take advantage of this 
without any prior knowledge about which reactions 
contribute.  This is accomplished by adding a “penalty” term 
to the usual error function for least squares fits: 
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where tk refers to the ignition delay time for the kth sample 
run.  The specific algorithm we use is described in the 
upcoming paper [6].  

 The expansion described in Eq. (2) is referred to as 
the LASSO [8].  The penalty term serves two purposes, it 

“regularizes” the solution, reducing overfitting, but more 
importantly, for our purposes, it selects coefficients, 
resulting in many coefficients that are zero for specific 
values of λ.  There are a number of ways of picking good 
values of λ [8], and typically we use cross-validation or an 
empirical rule we discerned from a number of applications.  
Equation (2) is a simplification of the procedure used in Ref. 
[6], the sparse group lasso [9], which recognizes the 
grouping of expansion coefficients based on individual 
reactions.  There is an additional adjustable parameter, α, set 
to 0.5 here (it can range from 0.0 to 1.0). 

The results of applying the previously described 
algorithm is presented in the bottom panel of Fig. 1, which 
demonstrates that we can obtain good agreement between 
ordinary least squares and sparse techniques, with much 
smaller sample sizes.  Figure 2 has a detailed comparison for 
all sensitivity coefficients greater than 0.01 (1% of the 
variance).  The comparisons are made for three sample sizes 
in the sparse case: 400, 800, and 1200.  Numbers in red 
indicate the reactions than are mis-ordered and it can be 
observed that this only occurs for a single pair which have 
very close sensitivity coefficients in the much larger 
ordinary least squares calculation (7000 samples). 
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Fig. 1. The top and middle panels show results for 
butanol ignition with the old algorithm and new 
algorithm, respectively.  The bottom panel shows 
a calculation using sparse regression. 

 
Fig. 2. Reaction Selection for n-Butanol ignition is shown. 


