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Abstract— Previous experiments on the BelousovZhabotinsky reaction in a vortex array fluid flow demonstrated
the existence of “frozen fronts”—nontrivial and stable spatial
patterns—upon the addition of an external “wind”. While
certain aspects of these patterns could be explained, a
more complete theory was lacking. Invariant manifolds
are key geometric structures in the phase space of passive
fluid flows. These manifolds have been used to analyze
passive transport, e.g. in vortex arrays. Recent work has
developed the analogous invariant manifolds relevant for
front propagation in fluid flows—burning invariant manifolds
(BIMs). These studies have focused on BIMs as local barriers.
That is, the BIM has a finite physically relevant length which
is eventually circumnavigated by impinging fronts. Here we
show that BIMs can also form global barriers (which cannot
be circumnavigated) and that these are exactly the frozen
fronts originally observed in experiments.

Fig. 1. (a) Reaction is pulled around by each vortex and then burns
through the separatrix to proceed into the adjacent vortex (not pinned). (b)
Sufficient wind to the left produces stable state. (Fig. 2 reproduced from
[1])

I. I NTRODUCTION
We are generally interested in systems that combine the
dynamics of front propagation with an underlying flow.
The front propagation aspect could model the progress of
a combustion reaction, a phase transition, or an infectious
disease. The front is assumed to clearly divide fluid into
“burned” and “unburned” regions. This propagation occurs
in a medium that is itself moving in a fluid-like way, and
propagation occurs normal to the local front tangent and
with a constant speed in the comoving frame.
II. F ROZEN FRONTS
We are motivated by the experimental results in [1] that
demonstrated these frozen fronts. In these experiments, the
front propagation dynamics was supplied by the rutheniumcatalyzed excitable Belousov-Zhabotinsky (BZ) reaction.
This autocatalytic reaction can be triggered by inserting a
silver wire into the reagents. The flow used was a linear
array of alternating vortices generated in a thin fluid using
magnetohydrodynamic forcing. Furthermore, a “wind” was
applied to this flow in order to counter the progress of
the reaction front. In this way one may generate “frozen
fronts”. These frozen fronts are locally stable and persist
over relatively long time scales. It can be seen that their
appearance and shape bear some relation to the flow in
which they exist, but this relation was not yet entirely clear.
III. I NVARIANT MANIFOLDS
Invariant manifolds are fundamental geometric objects
that are important for understanding passive transport in

fluid flows [2]. These manifolds are defined for some
flow map φ. This can be representative of either a timeindependent or time-periodic flow. The stable (unstable)
manifold is the set of points that converge to a fixed point
under iteration of φ (φ−1 ). These manifolds divide classes
of trajectories which will diverge (have converged).
IV. B URNING INVARIANT MANIFOLDS
From the theoretical perspective, we may recast a PDE
approach to reaction propagation in flows as an ODE for
individual front elements. A front element’s position evolves
according to the underlying flow, and also propagation in
the direction of the unit normal at the constant speed v0 .
The orientation of the front element is treated accordingly.
ṙ = u + v0 n̂
θ̇ = −n̂i ui,j ĝj

(1)

In analysis of these equations, we find that as v0 increases
from 0, the invariant manifolds of this augmented system
split off of the passive invariant manifolds in either direction. Furthermore, these manifolds are oppositely oriented
(recall that they exist in xyθ space).
It is a primary result of recent work that these new
burning invariant manifolds (BIMs) are one-sided barriers
to front propagation in fluid flows [3], [4], [5]. Fronts are
bounded by them on one side, but pass through from the
other.
Unlike passive invariant manifolds, BIMs have cusps and
self-intersections (when projected into the xy-plane). A

Fig. 2. Reaction from left (green) bounded by BIM, but wraps around at
cusp.

Fig. 4. Blue BIM has been swept back far enough to create another cusp,
and then lifts from the channel wall. Reaction (green) converges to blue
BIM, wraps around cusp, but is then blocked by red BIM. Only together
the two BIMs form a span.

Fig. 3. BIM (red) spans the channel—type 1 pinning. Reaction region
(green) converges to BIM and does not pass. Another BIM span related
by symmetry (blue).

cusp plays a particularly important role, as it marks the
end of the physically relevant portion of the BIM. Fronts
bounded by a BIM will spread along it until they reach the
cusp where they wrap around and fill in from the other side.
In this way, BIMs are often only local boundaries (Fig. 2).
V. O NSET OF PINNING
The main result of this work is to show that BIMs may
also be global boundaries, and that these boundaries are
exactly the frozen fronts observed in [1]. By adding a finite
amount of wind, a new cusp is created near the top of the
channel. We can understand this cusp formation as passage
of the BIM through a heteroclinic connection. A little more
wind causes this cusp to meet the channel wall forming a
complete span across the channel. This spanning BIM is
a global barrier. Reactions to the left will converge upon
this barrier, but not pass through (Fig. 3). We refer to this
particular type of front pinning as “type-1”.
VI. P INNING TYPES
The BIM theory of pinning also predicts other topologically distinct pinning types, many of which have been
realized experimentally. We illustrate two other types here.
Type 2: Increasing the wind causes the BIM to sweep
backward along the channel wall, eventually creating another cusp (Fig. 4). It may appear that pinning is lost
because a front converging to this BIM will wrap around
this cusp. However, the front would soon meet another
BIM emerging from the opposite channel wall that prevents
further progress. While neither of these BIMs alone forms a

Fig. 5. Experimental realization of type 2 pinning. Time increases upward.

global barrier, together they form a composite pinning front.
Type 3: Increasing the wind further, this cusp reenters the
channel wall and each BIM is again a complete span across
the channel. The difference is that these BIMs intersect
(whereas in type-1 they do not). This means that in addition
to observing one or the other BIM as a pinning front, we
may observe their union as a third pinning front.
More complex pinning front topologies: Previous studies
[1] found the same phenomenon in flows with a number of
vortices arranged in a disordered 2D pattern. This analysis
on BIMs now explains these more complex pinning as
multiple BIMs (no one of which is a span) “sewn” together
by hiding each cusp behind the adjacent BIM.
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