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Abstracts

Accelerating the Computation of Empirical
Gramians and Related Methods
Christian Himpe∗ , Mario Ohlberger∗
∗ University

of Münster, Münster, Germany

Abstract— Empirical gramians are a tool for nonlinear model
reduction. Together with other snapshot-based methods, empirical gramians face several computational issues; among them is
the calculation of the snapshots or the feature extraction from
the associated gramian matrices. We present an assortment of
techniques to accelerate the computation and usage of empirical
gramians and demonstrate their advantages.

III. I MPROVED RUNGE -K UTTA M ETHODS
Empirical gramians are computed from trajectories. To
obtain trajectories for nonlinear systems a common class of
solvers are Runge-Kutta or one-step methods. Explicit RungeKutta integrators of order s,
yn+1 = yn + h

I. I NTRODUCTION

s
X

bi ki , ki = f (tn + ci h, yn + h(

i=1

For linear state-space systems,
ẋ(t) = Ax(t) + Bu(t), y(t) = Cx(t), x(0) = x0 ,
many model reduction algorithms are established, for example
balanced truncation and approximate balancing which partition the state-space based on the input-output energy transfer.
For general nonlinear parametrized systems,

II. E MPIRICAL G RAMIANS
Empirical gramians extend the concept of balanced truncation to nonlinear systems [1]. Related snapshot-based methods
are also found in fluid dynamics, see for example [2].
All balancing related methods are based upon the controllability operator C and observability operator O,
Z 0
C(u) :=
e−At Bu(t)dt, O(x0 ) := CeAt x0 ,

aij kj )).

j=1

require a repeated evaluation of the system’s vector field f ,
which in the nonlinear case, consumes the dominant fraction
of computational time. Thus, reducing the number of vector
field evaluations expedites the computation of the trajectories.
A second class of solvers are multi-step solvers, which reuse
evaluations of f from previous steps; for example the explicit
Adams-Bashforth methods of order s:
s
X
yn+1 = yn + h
bi f (tn−j , yn−j ).

ẋ(t) = f (x(t), u(t), θ), y(t) = g(x(t), u(t), θ), x(0) = x0 ,
fewer (computable) model reduction algorithms are available,
among them empirical gramian-based model reduction.

i
X

i=0

Combining explicit one-step Runge-Kutta methods with explicit multi-step solvers allows higher order solutions with
less vector field evaluations.
The accelerated Runge-Kutta methods [3], are two-step
Runge-Kutta methods that include information from the previous time step. The improved Runge-Kutta methods [4] are
a further development of these two-step methods:
yn+1 = yn + h(b1 k1 − b−1 k1 +

s
X

bi (ki − k−i )).

i=2

Like all multi-step methods these two-step Runge-Kutta methods require a starting value, which can be computed by the
(minimal local error) Ralston methods [5].

−∞

of which the former maps (past) inputs to states and the latter
maps states to (future) outputs.
The system gramians: controllability gramian WC , observability gramian WO and cross gramian WX , are defined as
follows:
WC := CC ∗ ,

WO := O∗ O,

WX := CO.

Now, the empirical gramians are computed by approximating
the operators C and O by discrete time-series snapshots. This
approach is also valid for nonlinear systems (around a steady
state), since the computation requires only (output) trajectory
snapshots.

IV. G ENERALIZED T RANSPOSITION
The empirical gramians are computed as inner products of
the centered trajectory snapshots components. In case of the
empirical cross gramian by:
dim(u(t)) Z ∞
X
fX d t, W
fXi,j = hxk (t), y j (t)i.
WX =
W
i
l
k=1

0

Arranging the j = 1, . . . , dim(x(t)) (discrete) output trajectory snapshots ylj (t) in a 3rd order tensor Y ltj = ylj (t), allows
a vectorized component-wise dot-product with the discrete
state trajectories xkit by using generalized transpositions:
fX = xk Y <[231]> (l, :, :).
W

V. A PPROXIMATE I NVERSE
Gramian-based methods for parameter identification and
reduction are available, too; in example the cross-gramianbased approach described in [6]. For a parametrized (square)
system augmented with associated “parameter states”:
  


  
ẋ
f (x(t), u(t), θ)
x(0)
x0
=
,
=
,
0
θ(0)
θ
θ̇
y = g(x(t), u(t), θ),
the empirical cross gramian of this system is called (empirical) joint gramian,


WX WM
WJ :=
.
0
0
The lower blocks are zero, and thus do not require memory,
due to the uncontrollability of the parameter states. The
cross-identifiability gramian is then defined as the Schur
complement of the symmetric part of the joint gramian:
1 T
T −1
(WX + WX
) WM ,
WI¨ := − WM
2
which contains the parameter identifiability (observability).
The extraction of the cross-identifiability gramian WI¨ from
the joint gramian WJ utilizes the computation of a Schurcomplement, which in turn requires a matrix inversion of the
symmetric part of the cross gramian WX . A conventional
dense matrix inversion is not feasible for large state spaces.
The well known identity of the inverse
P∞ of a matrix as the
limit of the Neumann series A−1 = k=0 (1 − A)k justifies
the computation of an approximate inverse by a truncated
Neumann series. A variant of this approach, from [7], where
an additive decomposition into diagonal components D and
off-diagonal components E by A = D+E is exploited, yields
an approximate, yet computationally cheap, inverse:
A−1 ≈

K∞
X

(−D−1 E)k D−1 ,

k=0

which for (K = 2) requires only O(N 2 ) flops.
VI. D OUBLE R E -O RTHOGONALIZED L ANCZOS
Either, balanced truncation and approximate balancing as
well as gramian-based parameter identification require a singular value decomposition (SVD) to assemble the (approximate) balancing projection. A truncated SVD (thin SVD) can
be computed using a variant of the Lanczos algorithm. The
Lanczos algorithm is an iterative partial tri-diagonalization
for symmetric eigenvalue problems that requires only vector
operations and matrix-vector products. In each iteration a reorthogonalization is included to ensure orthogonality [8].
To further enhance the quality for large-scale matrix
decompositions, an additional orthogonalization as postprocessing step can be added for the left (and right) singular
vectors.

WI¨ (Default)
WI˙ (General. Transp.)
WI¨ (Improved RK)
WI¨ (Accelerated)
Matlab TSVD of WI¨
Lanczos TSVD of WI¨

Time [s]
8303.0
7600.7
5540.5
4871.1
13.000
1.000

TABLE I
C OMPARISON OF COMPUTATIONAL TIME FOR THE EMPIRICAL
CROSS - IDENTIFIABILITY GRAMIAN WI¨ ∈ R1024×1024 .

VII. N UMERICAL C OMPARISON
To assess the presented techniques, the computational times
for an (SVD of an) empirical cross-identifiability gramian
are compared within Matlab using the empirical gramian
framework (emgr) [9] for a SISO hyperbolic network model,
ẋ(t) = A tanh(K(θ)x(t)) + Bu(t),
y(t) = Cx(t),
of order dim(x(t)) = 1024 and a parametrized diagonal
matrix K = diag(θ) ⇒ dim(θ) = dim(x(t)). For details
of the benchmark see the source code http://j.mp/
iwmrrf15. Benchmarked are the default computation (Ralston RK3 solver, component-wise assembly, inverse) against
the improved RK3 method and generalized transpositions
individually and in combination including the approximate
inverse, additionally the Matlab truncated SVD is tested
against the Lanczos truncated SVD.
The results in Table I show the timings for the tested
improvements which achieve an overall speed-up of 1.7×. For
large-scale systems with dim(x(t)) > 105 these performance
gains can reduce the computational complexity of snapshotbased (parametric) nonlinear model order reduction.
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Asymptotic behavior of a reaction-diffusion
equation perturbed by multiplicative noise
Tomás Caraballo
Universidad de Sevilla, Departmento de Ecuaciones Diferenciales y Análisis Numérico, Sevilla, Spain

Abstract— We study the asymptotic behaviour of a reactiondiffusion equation, and prove that the addition of multiplicative
white noise, in the sense of Itô, stabilizes the stationary solution
x ≡ 0, while the Stratonovich interpretation of the noise does
not produce any kind of stabilization. In fact, we prove that
the model possesses a random attractor and that its Hausdorff
dimension is of the same order than the deterministic attractor
for the model without noise. The main tool to prove a lower
bound on the dimension is the existence of a local unstable
invariant manifold.

I. I NTRODUCTION
We study a reaction-diffusion equation perturbed by a
multiplicative white noise term, first considering this in the
Itô sense,
dx(t) = ∆x(t) dt + (ax(t) − x(t)3 ) dt + σx(t) dWt .
First, we study the stabilizing effect of the stochastic perturbation on the solution x = 0, and show that the interval
of stability increases as σ is increased, so that large levels
of noise simplify the long-time behaviour. In some sense, we
could interpret that the dynamics of the system is substantially
reduced to a very basic one driven by the equilibrium of the
model.
We can write the Itô equation in the alternative Stratonovich
form (Stratonovich [10]),
dx(t) = ∆x(t) dt + ((a − 12 σ 2 )x(t) − x(t)3 ) dt + σx(t) ◦ dWt ,
which makes the stabilization effect of the noise term explicit,
and in the remainder of the work we treat the equation
dx(t) = ∆x(t) dt + (βx(t) − x(t)3 ) dt + σx(t) ◦ dWt ,
investigating its behaviour as β is varied.
To be more precise, let D ⊂ Rm , m ≤ 5, be an open
bounded set with regular boundary, and we consider the
following Chafee-Infante reaction-diffusion equation in D
3

du = (∆u + βu − u )dt + σu ◦ dWt ,

(1)

with u(x, t) = 0 for x ∈ ∂D, and where W· (ω) : Ω →
C 0 (R, R) is a one-dimensional Wiener process on the probability space (Ω, F, P ).
This work has been partially supported by the Spanish Ministerio de
Economı́a y Competitividad project MTM2011-22411 and the Consejerı́a
de Innovación, Ciencia y Empresa (Junta de Andalucı́a) under grant
2010/FQM314 and Proyecto de Excelencia P12-FQM-1492.

We rewrite (1) as the following differential equation on
L2 (D),
du = (−Au + βu − u3 ) dt + σu ◦ dWt

(2)

where A = −∆ on D with the appropriate (Dirichlet)
boundary conditions. The operator A is positive, linear, selfadjoint and with compact inverse. Thus there exists a sequence
{λj } of positive eigenvalues, whose associated eigenfunctions
wj (with Awj = λj wj ) form an orthonormal basis for H
(e.g. Renardy & Rogers [9]). We order these so that λn+1 ≥
λn .
A general study of the deterministic reaction-diffusion
equation includes an understanding of its global attractor.
In this relatively simple case, this attractor consists of the
stationary solutions, which are joined by the stable and unstable manifolds associated with them (see Hale [6] or Henry
[7] for example). If we wish to continue our investigation
of the stochastic version of this PDE, by analogy it seems
sensible to investigate whether or not the random dynamical
system generated by the model possesses a random attractor.
In particular, one can prove that, if β < λ1 , the random
attractor is in fact the deterministic point {0}, whereas if
β ≥ λ1 the attractor could be a much more general (random)
set.
One of the most interesting properties of certain attractors of deterministic infinite-dimensional dynamical systems
is that they are finite-dimensional subsets of the infinitedimensional phase space (see Temam [13], for example).
To try to get a little more information about the possible
complexities of our random attractor when β ≥ λ1 , we use
the method developed by Debussche in [5] to obtain a bound
on its Hausdorff dimension. In particular, it holds that if
d

β<

1X
λj ,
d j=1

where λj are the eigenvalues of the Laplacian arranged in
increasing order, then the Hausdorff dimension of the random
attractor is bounded by d, P-almost surely. Once again, a little
further argument recovers the result that if β < λ1 then the
attractor consists of just one point; but now we can see that
increasing β at least allows (within the bound above) for more
complexity of the attractor.
However, it is more intriguing to ensure that there exists
a lower bound for the dimension since this will ensure that
the level of complexity of the random attractor is at least

similar to the one in the deterministic case. In this direction,
it is proved that in the case m ≤ 5, there exists a lower
bound on the dimension of the random attractor which is of
the same order in β as the upper bound, and is the same as
that obtained in the deterministic case. Then we show, for
m = 1, that as β passes through λ1 from below, the system
undergoes a stochastic bifurcation of pitchfork type. Central to
this approach is the existence of a random unstable manifold.

pullback convergence property is essentially attraction ‘from
t = −∞’.
It is proved (see Caraballo et al. [2]) the existence of
a random attractor for our equation. We also showed that
if β < P
λ1 then A(ω) = {0}, and more generally that if
d
β < d1 j=1 λj then dH ((ω)) < d. Since one can bound
Pd
(m+2)/m
, this implies the upper bound
j=1 λj ≤ Cd
dH (A(ω)) ≤ c1 β m/2 ,

(3)

II. R ANDOM ATTRACTORS
Let us recall the definition of a random dynamical system
and a random attractor.
A. Random dynamical systems
Let (Ω, F, P ) be a probability space and {θt : Ω → Ω, t ∈
R} a family of measure preserving transformations such that
(t, ω) 7→ θt ω is measurable, θ0 = id, and θt+s = θt θs for
all s, t ∈ R. The flow θt together with the corresponding
probability space, (Ω, F, P, (θt )t∈R ) is called a (measurable)
dynamical system (see [1], [4], [11]).
A continuous random dynamical system (RDS) on a Polish
space (X, d) with Borel σ-algebra B over θ on (Ω, F, P ) is
a measurable map
ϕ : R+ × Ω × X → X
(t, ω, x) 7→ ϕ(t, ω)x
such that P − a.s.
i) ϕ(0, ω) = id on X
ii) ϕ(t + s, ω) = ϕ(t, θs ω) ◦ ϕ(s, ω) for all t, s ∈
R+ (cocycle property)
iii) ϕ(t, ω) : X → X is continuous.
When σ 6= 0 it is known (Pardoux [8]) that for each u0 ∈
L2 (D) and T > 0, there exists a unique solution u(t; x0 )
of (2), belonging to the spaces L2 (Ω × (0, T ); H01 (D)),
L4 (Ω×(0, T )×D) and L2 (Ω; C(0, T ; L2 (D)). In particular, it
follows that the solutions of (2) can be used to generate a random dynamical system if we define ϕ(t, ω)u0 = u(t; ω, u0 ),
where u(t; ω, u0 ) is the solution of (2) with noise ω and initial
condition u(0) = u0 .
B. Random attractors
A random set A(ω) is said to be a random attractor for
the RDS ϕ if
i) A(ω) is a random compact set, that is, P −a.s., A(ω) is
compact and for all x ∈ X, and the map ω 7→ (x, A(ω))
is measurable with respect to F.
ii) P − a.s. ϕ(t, ω)A(ω) = A(θt ω)t ≥ 0 (invariance)
and
iii) for all B ⊂ X bounded (and non-random), P − a.s.,
lim (ϕ(t, θ−t ω)B, A(ω)) = 0,

t→∞

where ( . , . ) denotes the Hausdorff semidistance in X.
Since ϕ(t, θ−t ω)u0 can be interpreted as the position at
t = 0 of the trajectory which was at u0 at time −t, this

which is an amount of the same order as the deterministic
bound, and of course is extremely suggestive of the fact
that the attractor becomes more complicated as β increases
through λ1 . The confirmation of this point becomes true once
we obtain a lower bound for the dimension. This was proved
in Caraballo et al. [3].
Theorem. Provided that m ≤ 5, if λn < β < λn+1 then
dH ((ω)) ≥ n. In particular, the dimension of the attractor
satisfies dH (A(ω)) = O(β m/2 ).
Main ideas for the proof. First we truncate the equation,
then we prove the existence of an invariant manifold for
the truncated equation, and finally, we show that the inertial
manifold found in the previous step is in fact part of the
unstable set of the origin, within the small neighbourhood on
which the truncated and original equations agree.
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Construction of Random Low-dimensional
Manifolds for Stochastic Chemical Reaction
Systems with Stiffness
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∗ Department
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National Laboratories, P.O. Box 969, MS 9051, Livermore, CA 94551, USA

Abstract— The research on reduction methods is driven by
the complexity of chemical reaction systems, to seek simpliﬁed
systems involving a smaller set of species and reactions
that can approximate the original detailed systems in the
prediction of speciﬁc quantities of interest. The existence of
such reduced systems frequently hinges on the existence of
a lower-dimensional, attracting, and invariant manifold characterizing long-term dynamics. The Computational Singular
Perturbation (CSP) method provides a general framework
for analysis and reduction of chemical reaction systems. In
this work we propose an algorithm based on the theory
of stochastic singular perturbation, that can be applied to
stochastic reaction systems with stiffness, to obtain their
random low-dimensional manifolds.

I. I NTRODUCTION
Consider a well-stirred, thermally equilibrated mixture
consisting of N chemical species {Si }i=1,...,N , which interact through M chemical reaction channels
Rj :

N
�
i=1

aij Si −→

N
�

bij Si ,

j = 1, . . . , M

i=1

where aij , bij ≥ 0 are the stoichiometry coefﬁcients. Arranging the stoichiometry coefﬁcients into an N ×M matrix
gives the stoichiometric matrix Γ = (γij )i=1,...,N, j=1,...,M .
Denote by xi (t) the concentration of species Si in the
system at any time t, and x = (x1 , x2 , . . . , xN )T the
state vector. Then reaction rate equations (RREs) describing
chemical kinetics at the continuum level are:
dx
= Γ · R(x) := G(x),
dt

(1)

where R(x) = (R1 (x), . . . , RM (x))T , and Rj (x), j =
1, . . . , M is the rate of progress of the jth reaction.
When there are two classes of variables, e.g., m fast
species and n slow species∗ , the vector ﬁeld G can be cast
in the following form:
�
� �
��
�
εg1
Im 0
εg1
G=
=
,
(2)
g2
g2
0 In
∗ A species is declared fast/slow if its time evolution is dominated by
the fast/slow processes.

where ε is a small parameter that characterizes the spectral
gap of the vector ﬁeld, Im and In are the identity matrices in
Rm and Rn , respectively. The theory of geometric singular
perturbation (GSP) provides a framework to analyze fastslow ODE systems such as (2) and gives an abstract
description of the slow manifold Mε (if it exists) for ε
sufﬁciently small.
The traditional stoichiometric matrix used in (1) is physically meaningful, but not unique. In fact, one can always
decompose the N -dimensional vector G into N additive
components or modes. The CSP method [3,4,6–8] seeks a
“good” basis for the vector ﬁeld G, by which the fast and
slow dynamics are decoupled. This object is achieved by
deriving the evolution equations for the fast and slow modes
and updating the basis iteratively. After each iteration, CSP
identiﬁes an approximation to the slow manifold Mε by
GSP theory along with an approximation of the reduced
dynamics on the slow manifold.
Chemical reactions are stochastic in principle. The ODE
system (1) is physically meaningful only when the system
size is at continuum/macroscopic scales, where stochastic
effects are averaged out. When particle counts are large,
e.g., O(103 ), but not sufﬁciently so to make the continuum approximation viable, the chemical Langevin equation
(CLE) can be used to simulate the state dynamics [2].
The theory of stochastic geometric singular perturbation can
be used to analyze general fast-slow stochastic differential
equations, providing an abstract description of the random
slow manifold if it exists [1]. By using the theory of random
dynamical systems, a geometric description of the random
slow manifold can be constructed for particular classes of
fast-slow CLEs with a simpliﬁed structure of the noise [5].
These results provide the theoretical foundation for developing an algorithm analogous to the CSP, which we name
CSSP (computational stochastic singular perturbation), that
can approximate the random slow manifold and the reduced
dynamics on the manifold, for stochastic chemical reactions
systems described by CLEs. The foundations of the CSSP
method are highlighted brieﬂy in the following.

II. M ATHEMATICAL F ORMULATION

Similar to (3), we represent G in (8) as

A. CSP for RREs
Given a set of N linearly independent column basis vectors ai , i = 1, . . . , N , The vector ﬁeld G can be represented
as
N
�
G(x) =
ai gi (x),
(3)
i=1

where gi is the amplitude of the i-th mode given by gi (x) :=
bi � G, where � denotes the dot product, and bi is the set
of row vectors which are the inverses of ai satisfying
bi � aj = δij ,

i, j = 1, . . . , N

(4)

where δij is the Kronecker delta. Differentiating (1) with
respect to time gives
dG
= J � G,
dt

(5)

where J = ∂G
∂x is the Jacobian matrix of G with respect to
x. Taking the inner product of bi with (5) results in
dgi
dt
Λij

=

N
�

Λij gi ,

i = 1, . . . , N

j

=

�

dbi
+ bi � J
dt

�

� aj ,

(6)
i, j = 1, . . . , N. (7)

CSP starts from a trial set of ordered basis, and generates a
new reﬁned set of basis vectors, using a two-step reﬁnement
procedure. The choice of the trial set is not unique. A natural
choice is the eigenvectors of J, as these form the ideal
basis vectors† for linear problems. CSP does not aim to ﬁnd
the ideal basis vectors, but rather to compute eigenvectors
and produce a block diagonal Λij when converged [6,8].
Nevertheless the basis vectors provide critical information
to CSP algorithms.
In our work we will ﬁrst formulate the ideal basis vectors
and the initial trial for general chemical Langevin equations.
We will also develop an algorithm to derive computationally
simpliﬁed models for stochastic chemical reaction systems.
B. CSSP formulation for CLEs
Consider a chemical Langevin equation of the general
form
dX = G(X)dt + G(X)dW (t),
(8)

where X = (X1 , X2 , . . . , XN )T is a stochastic process,
W (t) denotes a K-dimensional standard Brownian motion,
and G is an N × K matrix-valued function. Our goal is to
compute the reduced (stochastic) reaction system, that has
lower dimension than (8) but approximates select features
of (8) qualitatively and quantitatively.
† A set of basis vectors a (t) is said to be ideal if (i) the inverse row
i
vectors bi (t) can be accurately computed from (4) for all time interval of
i
interest, (ii) Γj (t) is diagonal, and (iii) the diagonal elements of Γij (t) are
ordered in descending magnitudes.

G(X) =

N
�

αi gi (X).

i=1

However, the amplitude of the i−th mode, gi now evolves
according to stochastic differential equations instead of
ordinary differential equations:
�
�
N ��
�
dbi
dgi =
+ bi � J � aj gj
dt
j=1
+bi � J � G(X)dW (t).

We will choose the trial set of ordered basis vectors at
each time t to be the eigen-vectors of J(t). The reﬁnement
will be done by following the same procedure as in CSP,
i.e., fast row and slow column vectors, followed by slow
row and fast column vectors, if necessary. However, the
number of exhausted modes will be obtained in a drastically
different way. This is due to the stochasticity of functions
gi . Simply requiring the contribution of fast modes to G to
be negligible is no longer valid, as fast oscillations caused
by stochastic effects still exist, even on the slow manifold.
We will develop an exhaustion criterion for CSSP, based on
the theory of geometric singular perturbation for stochastic
differential equations [1], and will illustrate the scheme.
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Slow Attractive Canonical Invariant Manifolds for
Hydrogen-Air Kinetics
Joseph M. Powers, Samuel Paolucci
University of Notre Dame, Department of Aerospace and Mechanical Engineering, Notre Dame, Indiana, USA

Abstract— We illustrate the construction of a Slow Attractive Canonical Invariant Manifold (SACIM) by connection
of equilibria by heteroclinic orbits for a model system of
hydrogen-air kinetics. The SACIM is guaranteed invariant by
virtue of its construction technique. For the case illustrated, a
posteriori stretching- and rotation-based diagnostic methods
show it is also slow and attractive. However, in that 1)
manifolds so constructed need not be slow or attractive, and
2) no a priori method is yet available to construct a SACIM,
the utility of the construction technique may be limited.

Saddle

Fig. 2. Sketch of failure of the method of heteroclinic orbit construction
for SACIM identifcation.

I. I NTRODUCTION
We highlight here some of our recent results that are more
fully described in [1]. Spatially homogeneous chemical
reactions are described by dynamical systems of the form
dz
z, zo , f ∈ RN . (1)
= f (z),
z(0) = zo ,
dt
Here, z is a vector of length N containing the species
concentrations, assuming that linear constraints representing
element conservation have been removed, t is time, and f
is a non-linear function of z representing the law of mass
action with Arrhenius kinetics.
We take a Slow Attractive Canonical Invariant Manifold
(SACIM) to be an invariant manifold (IM) on which slow
dynamics are conﬁned and to which nearby trajectories are
attracted. We identify an IM to be a CIM when it is a
heteroclinic connection of equilibria. The potential identiﬁcation of one-dimensional SACIMs by CIM construction
has gained attention since its introduction [2] and extension
by others, e.g. [3], [4], [5]. The essence of the fundamental
hypothesis is illustrated in Fig. 1. That hypothesis is that
SACIMs may be constructed by 1) identifying equilibria of

IM

Sink

CIM

Sink

SAC

Saddle

Fig. 1. Sketch of SACIM envisioned as the invariant manifold connecting
equilibria.

Eq. (1), i.e. points z where f (z) = 0, and 2) connecting by
trajectories from appropriate non-physical saddle equilibria
(those with at most one positive eigenvalue) to the unique
physical equilibrium, which is a sink. Near the equilibria,
the CIM is guaranteed to be attractive; moreover, for many
reactive systems the CIM appears to be attractive in regions
far from equilibrium.
However, nothing in the construction algorithm precludes
the scenario sketched in Fig. 2. Certainly, equilibria can be
identiﬁed and connected via heteroclinic orbits to construct
a CIM. But for a generic f (z), one has no guarantee that
trajectories near the CIM are in fact attracted to it. In this
study, we summarize the method and discuss an example
given by Powers, et al. [1] for the model hydrogen-air
problem introduced by Ren, et al. [6]. Our example will
demonstrate a SACIM, while [1] gives another example
where the method fails.
II. S UMMARY

OF ANALYSIS

With the local Jacobian J = ∂f /∂z, deﬁned throughout
the entire phase space, one can analyze J in the neighborhood of any IM, such as a CIM connecting equilibria.
At the physical equilibrium, all of the eigenvalues of J are
guaranteed to be negative and real, and all nearby points
will be drawn to the physical equilibrium. Away from the
physical equilibrium, it is possible for some eigenvalues to
be positive, and this can lead to certain trajectories being
drawn away from a CIM. It is well known that tr (J) is
proportional to the rate of change of a local volume in
phase space. However, even if tr (J) < 0, the existence
of a positive eigenvalue can induce a local repulsion of an
individual trajectory from a CIM.
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IV. C ONCLUSION
Construction of canonical invariant manifolds via connection of equilibria by heteroclinic orbits is possible for model
hydrogen-air systems; it is possible to diagnose a posteriori
if such manifolds are slow and attractive, but one has no a
priori guarantee that manifolds so constructed are slow and
attractive.

102

Fig. 3. The SACIMs for the simple hydrogen-air system are colored
based on the relative slowness. The solid dots are ﬁnite critical points; R7
represents the system’s physical equilibrium state, R1 and R6 represent
the starting points of the SACIMs, and the dashed simplex represents the
physical domain.
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As shown in [1], the eigenvalues/eigenvectors associated
with the symmetric part of Jn describe the stretching
dynamics; for N = 3, rotation dynamics are associated with
the anti-symmetric part of Jn .
III. H YDROGEN -A IR E XAMPLE
We apply our method to a simple hydrogen-air combustion model [5], [6]. This model considers the six species
H2 , O, H2 O, H, OH, and N2 . The six evolution equations
for each species are reduced by elemental constraints to a
system of N = 3 ordinary differential equations. We take
then as dependent variables, z1 , z2 , and z3 , the speciﬁc
moles of H2 , O, and H2 O. Algebraic analysis reveals
seven ﬁnite equilibria that we label Ri , i = 1, . . . , 7. The
equilibrium R7 is the unique physical equilibrium, and
we can construct a CIM by connecting R7 to R1 and
R6 . Stretching-based diagnostics reveal that on the path
R1 → R7 , one of the extremal normal stretching rates is
positive, for which the CIM could then be repulsive. This
local repulsion is overcome however by fast local rotation
of trajectories into regions of attraction. Figure 3 shows the
SACIM for this system, and Fig. 4 shows how the local
rotation of individual trajectories allows the CIM to be a
SACIM.
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/g
ol
(m

(4)

-12
×10-3

-8

2

where Qn is an N × (N − 1) rectangular matrix with
orthonormal columns. Then, the normal Jacobian, Jn is
found by projecting J onto this basis:
Jn = QTn · J · Qn .
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SA

R7

z2

σt = αTt · Js · αt , σn,i = αTn,i · Js · αn,i , i = 1, . . . , N − 1.
(2)
Here Js = (J + JT )/2 is the symmetric part of J. Along
the CIM, αt is uniquely deﬁned, up to its sign. However,
there are an inﬁnite set of αn,i when N > 2. Certainly if all
possible σn,i < 0 and mini |σn,i | ≫ |σt |, the CIM will be
a SACIM; however, it is easy to construct cases for which
these criteria are not met.
We can better understand the dynamics normal to the
CIM by constructing


|
|
Qn =  αn,1 · · · αn,N −1  ,
(3)
|
|

R1
R6

-3

z3 (mol/g)

It is possible, see [1], [3], to identify a unit tangent vector
to the CIM, αt , and a set of unit normal vectors, αn,i , i =
1, . . . , N − 1. These vectors can be used to identify the
tangential and normal stretching rates, σt and σn,i :

0

z1 (mol/g)
Fig. 4. Illustration exhibiting how the SACIMs for the simple hydrogenair system attract nearby trajectories for both R1 → R7 and R6 → R7 .
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On Conceptual Ideas Concerning Slow Invariant
Manifolds in a Variational Problem Viewpoint
Dirk Lebiedz∗ , Pascal Heiter ∗ , Jonas Unger∗
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Abstract— Chemical combustion models in terms of ordinary
differential equations correspond to finite dimensional dissipative
dynamical systems involving a multiple time scale structure. A
slow mode-description of the full model for dimension reduction
purposes can be achieved via computation of stable invariant
manifolds. We discuss fundamental and unifying geometric
and analytical issues of various approaches to slow invariant
manifold computation for model reduction in chemical kinetics
and bring up new conceptual ideas concerning the general model
reduction problem in terms of slow invariant manifolds with a
focus on a variational boundary value problem formulation.

I. I

the fast modes of the system to obtain a POI (point of interest)
on the SIM representing the reduced system. Since all methods share the same objective, there should be basic concepts
underlying, combining, and unifying different approaches.
A. Derivative of the State Vector
One of those concepts is the derivative-of-the-state-vectorconcept where time derivatives of the state vector are used,
i.e. Φ(z) containing terms of type ∂m
t z(t). Model reduction
methods exploiting this concept are e.g. the zero–derivative
principle (ZDP) [4], the flow curvature method (FCM) [5],
the intrinsic low dimensional manifold (ILDM) [12], and the
stretching-based diagnostics [1].

Simulation of chemically reacting flows is often nearly
impossible in reasonable computing time due to the large
number of chemical species involved and the stiffness of
the kinetic ordinary differential equations (ODE) with time
scales often ranging from nanoseconds to seconds. This calls
for multiscale approaches and appropriate model reduction
techniques. For this purpose, usually the long time scale
system dynamics is approximated via elimination of the fast
relaxing modes by enslaving them to the slow ones. In the
ideal case, the outcome should be a stable invariant manifold
of “slow motion” (SIM) attracting system trajectories from
arbitrary initial values. Many model reduction methods use
a species reconstruction technique which is provided by an
implicitly defined function mapping a subset of the chemical
species of the full model – called reaction progress variables
(RPVs) – onto the full species composition by determining a
point on a SIM.

A second fundamental concept for model reduction in
dissipative kinetic systems with spectral gap is the boundaryvalue-concept which exploits the property of attractivity of
SIMs. Provided that a SIM is globally attractive, every trajectory approaches it on infinite time horizon. In dissipative
systems assuming d (z(t0 ), SIM) > d (z(tf ), SIM) with t0 < tf ,
where d (·, ·) is the (euclidian) distance function, and z(tf ) =
z (tf − t0 , z(t0 )) (i.e. the solution of the initial value problem
∂t z(t) = S (z(t)) , z(t0 ) = zt0 evaluated after a time period of
tf − t0 ), the POI identifies a SIM exactly for tf − t0 → ∞ and
d (z(t0 ), SIM) = c ∈ R because of d (z(tf ), SIM) = 0. Having
this in mind, the following general formulation of a boundary
value problem for SIM computation/approximation is valid

II. T       [11]

∂t z(t) = S (z(t)) , t ∈ [t0 , tf ]

(2a)

z j (tf ) = ztjf ,

j ∈ Ifixed

(2b)

z j (t0 ) = K j ,

j < Ifixed

(2c)

Finding a functional Φ : C ∞ (Rn ) → R with Φ(z) = 0 that
automatically eliminates the fast modes in an ODE model
without knowing its analytical solution z(t) ∈ Rn explicitly
is a general abstract formulation of the main challenge of
trajectory-based model reduction approaches. The resulting
species reconstruction (SIM computation) problem in chemical kinetics can be formulated as
Φ(z) = 0

(1a)

∂t z(t) = S (z(t)) , t ∈ [t0 , tf ]
z j (tf ) =

ztjf ,

j ∈ Ifixed ,

B. Boundary Value Problem

with t0 < tf in the reverse mode. Representatives of this
concept are the saddle point method [2], [3], the invariant constrained equilibrium edge preimage curves (ICE-PIC)
approach [13], and the reverse mode formulation of the
trajectory-based optimization approach [9].

(1b)

C. Two Concepts – One Approach

(1c)

A specific example of a generalized formulation including
both of these two conceptual ideas [11] is the following
variational boundary value problem on a time horizon [t0 , tf ]:

with (1b) modeling the reaction kinetics and (1c) the fixation
of the RPVs (parameterization of the reduced model) at time
t = tf . There are plenty of different approaches concerning a
choice of a criterion Φ(z) = 0 that (approximately) eliminates

2
min k∂m
t z(t)k2
z(t)

t=t0

(3a)

subject to

B. Composition Space–Time–Manifolds and Curvature
∂t z(t) = S (z(t)) , t ∈ [t0 , tf ]
z j (tf ) =

ztjf ,

j ∈ Ifixed .

(3b)
(3c)

For realistic chemical kinetic models, the ODE model is
defined only in a physically feasible region, a polyhedron in
configuration space or a manifold, respectively, determined by
additional constraints (e.g. species positivity, elemental mass
conservation, possibly isenthalpic or other thermodynamic
conditions) entering the optimization problem such that t0
cannot be chosen arbitrarily small. Thus, for an accurate SIM
approximation, the focus is on two issues in this context [11]:
• choosing m as large as practically possible (numerical
computation of m-th order derivatives required),
• choosing t0 as small as possible (considering the physically feasible domain).
This formulation relates our variational viewpoint [9] with
the ZDP [4]. The original argument for the formulation of
a trajectory-based variational problem for SIM computation
was the following [6]: If a SIM exists, there should be some
intrinsic property distinguishing trajectories on the SIM from
others. The hope is to be able to find a criterion which
formulates this differential property mathematically.
III. V P
In the light of a constrained variational boundary value
problem formulation of SIM point computation [6], [7], [8],
[9], necessary optimality conditions can be found using the
first variation of the Lagrangian (or corresponding conditions
in a Hamiltonian context) [11]. A boundary optimal control
viewpoint can be taken and allows to relate SIM computation/approximation to (partial) integrability of dynamical systems and conservation properties which in turn are related to
symmetry properties of the Lagrangian via Noether’s theorem.
The implications of these ideas will be discussed.
A. Symmetry and Criterion for SIM Computation
An exact criterion Φ for SIM point computation can be
interpreted in the context of symmetry issues on an abstract
level: The result of a species reconstruction technique for
given RPVs (fixed number of variables and SIM dimension)
parameterizing the SIM is a point in full state space – the
POI. The SIM regarded as an intrinsic analytic object in state
space should be coordinate independent, e.g. for any other
choice (same total number) of RPVs the computed POI should
coincide with the previous one. Thus, a necessary condition
for an exact criterion characterizing the SIM is to yield POI
results invariant under permutation of progress variables.
Reasoning on an error estimate quantifying in some sense
the approximation property of SIM trajectories in relation to
full state space trajectories might offer another viewpoint.
Arguments by analogy from statistical mechanics on the
relation of the dynamics of a macroscopic system state and
its state variables (RPVs) to the consistent microscopic state
(full composition) are discussed.

The composition space of the kinetic model equation can be
extended by a time-axis allowing to regard the whole family
of feasible solution trajectories as a smooth composition
space-time manifold. We argue that a SIM might be characterized or at least approximated by an extremum principle
based on differential geometric properties of this manifold.
We point out relations to the geodesic structure of space-time
in the theory of general relativity and discuss potential roles
of curvature properties for SIM characterization.
IV. A  C M
The algorithmic framework of numerical optimization for
the solution of a variational formulation of the SIM computation problem offers high potential for efficient, robust
and even real-time in situ computation of SIM points [10].
We demonstrate how sensitivity analysis based on the system
of necessary optimality conditions of parametric optimization
problems yields, along with the SIM points, a vector basis of
the manifold’s tangent space which can be exploited for an
efficient embedding strategy for high-speed SIM computation.
This is exemplarily demonstrated for a combustion model.
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Abstract— This study probes our developing understanding
of low-temperature oxidation kinetics. We have investigated
the ignition of the pentane isomers in a rapid compression
machine over a wide range of temperatures and pressures
including the negative temperature coefficient behaviour
temperature range. The pentane isomers are small alkanes,
yet have structures that are complex enough to allow for the
application of their kinetic and thermochemical rules to
larger molecules. Updates to the thermochemistry of the
species important in the low-temperature oxidation of
hydrocarbons have been made based on a thorough
literature review. An evaluation of recent quantumchemically derived rate coefficients from the literature
pertinent to important low-temperature oxidation reaction
classes has been performed, and new rate rules are
recommended for these classes. Several reaction classes have
also been included to investigate their importance with
regard to simulation results, and we find that they should be
included when developing future chemical kinetic
mechanisms. A comparison of the model simulations with
pressure-time histories from experiments in a rapid
compression machine shows very good agreement for both
ignition delay time and pressure rise for both the first- and
second-stage ignition events. We show that revisions to both
the thermochemistry and the kinetics are required in order
to replicate experiments well. The results of this study
enhance our understanding of the combustion of straightand branched-chained alkanes.

I. INTRODUCTION
Alkanes are the simplest type of hydrocarbon, so
knowledge of the combustion of these compounds is
essential to the fundamental understanding of the
combustion of all hydrocarbons and oxygenated fuels (e.g.
alcohols, large methyl esters, etc.). The low-temperature
oxidation of alkanes is of practical importance to the
advancement of technologies such as homogeneouscharge compression-ignition (HCCI), premixed-charge
compression-ignition (PCCI), and reactivity-controlled
compression-ignition (RCCI) engines. Construction of
detailed
mechanisms
describing
low-temperature
oxidation can be difficult due to the large number of
chemical species and reactions involved. Group additivity
[1] and rate rule [2,3] methods are convenient solutions to
this problem. In this study we discuss the implementation
of both methods, and improved values used therein, for
current and future development of detailed chemical
kinetic models.
The first low-temperature reaction channels for the
oxidation of alkanes were proposed in the late 1960s by

Knox [4] and Fish [5]. An improved understanding was
developed by Pollard [6], Cox and Cole [7], and Walker
and Morley [8]. Curran et al. applied rate coefficients
based on rate estimation rules for different reaction
classes and had success in modelling the oxidation of nheptane and iso-octane at low temperatures [2,3].
However, some reaction classes were excluded from the
low-temperature reaction pathways of these mechanisms
due to limitations in knowledge at the time. These
involve hydroperoxyl-alkyl-peroxyl (Ȯ 2QOOH) radicals
undergoing reactions similar to those included for alkylperoxyl (RȮ 2) species, such as the direct elimination of
HȮ 2 radicals from the alkyl-peroxyl radicals (also
forming olefins), and isomerisation reactions like those of
RȮ 2 radicals to produce hydroperoxyl-alkyl (Q̇ OOH)
radicals, but resulting in the formation of dihydroperoxyl-alkyl radicals. These can undergo reactions
similar to those of Q̇ OOH radicals, such as cyclic ether
formation, and β-scission reactions, Fig. 1 (R, Q and P
represent alkyl radicals or structures CnH2n+1, CnH2n and
CnH2n–1, respectively). Inclusion of these “alternative”
reaction classes are of particular importance for the
mechanisms of branched alkanes, as previously,3 the
chain of reactions proceeding from tertiary alkyl radical
addition to molecular oxygen came to a “dead end” upon
formation of an Ȯ 2QOOH radical, as these radicals
cannot proceed to formation of a carbonyl-hydroperoxide
+ Ȯ H. An example of this for iso-pentane is shown in
Fig. 2. This means that any Ȯ 2QOOH species formed
from successive pathways stemming from a tertiary alkyl
radical had no mechanism to decompose other than
dissociation back to Q̇ OOH + O2. This represents quite a
mechanistic oversight in the modelling of branched
alkanes.

Figure 1. Lumped kinetic scheme of the primary oxidation reactions of alkanes. Species and arrows
highlighted in red represent pathways not previously considered for the pentane isomers.

Figure 2. Example of a “dead end” in low-temperature pathways of iso-pentane. The example Ȯ 2QOOH shown cannot
form a carbonyl-hydroperoxide + Ȯ H
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up-to-date thermochemistry group values and rate
coefficients from several recent publications, the current
model shows very good agreement with experimental
data. We show that revisions to both the thermochemistry
and the kinetics are required in order to replicate
experiments well.
ACKNOWLEDGMENT
The authors would like to acknowledge the support of
the Irish Research Council in funding this work. We
would also like to thank Drs. Sinéad Burke and Kuiwen
Zhang at NUI Galway, Drs. Charlie Westbrook, Bill Pitz,
and Marco Mehl at Lawrence Livermore National
Laboratory, and Prof. Mani Sarathy at King Abdullah
University of Science and Technology for helpful
discussions and input.

[1]
[2]

[3]

[4]

[5]

[6]

[7]
[8]

Benson, S. W. Thermochemical Kinetics, 2nd ed.; Wiley: New
York, 1976.
Curran, H. J.; Gaffuri, P.; Pitz, W. J.; Westbrook, C. K. A
Comprehensive Modeling Study of n-Heptane Oxidation.
Combust. Flame 1998, 114, 149–177.
Curran, H. J.; Gaffuri, P.; Pitz, W. J.; Westbrook, C. K. A
Comprehensive Modeling Study of iso-Octane Oxidation.
Combust. Flame 2002, 129, 253–280.
Knox, J. H. In Photochemistry and Reaction Kinetics, Ashmore, P.
G., Sugden, T. M., Dainton, F. S., Eds.; Cambridge University
Press: Cambridge, 1967.
Fish, A. In Oxidation of Organic Compounds–II, Mayo, F. R., Ed.;
Adv. in Chem. Ser. 76; American Chemical Society: Washington,
D. C., 1968; vol. 2. 69.
Pollard, R. T. In Comprehensive Chemical Kinetics: Gas-phase
Combustion, Bamford, C. H., Tipper, C. F. H., Eds.; Elsevier:
Amsterdam, 1977; vol. 17.
Cox, R. A.; Cole, J. A. Chemical Aspects of the Autoignition of
Hydrocarbon/air Mixtures. Combust. Flame 1985, 60, 109–123.
Walker, R. W.; Morley, C. In Comprehensive Chemical Kinetics:
Low-temperature Combustion and Autoignition, Pilling, M. J.,
Ed.; Elsevier: Amsterdam, 1997; vol. 35.

Detailed Chemical Kinetic Modeling Study of
Isobutene Oxidation: Ignition Delay Time
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A detailed chemical kinetic mechanism of isobutene
oxidation has been developed to describe the combustion of
isobutene. Ignition delay time (IDT) experiments have also
been carried out to improve our understanding of the
ignition characteristic of isobutene. A series of IDT
experiments were performed in NUIG shock tubes and
rapid compression machines (RCMs) under conditions not
previously studied. The combination of shock tube and
RCM data greatly expands the data available for validation
of isobutene oxidation models to higher pressures (10–50
atm) and lower temperatures (700–1500 K). Important
reactions highlighted via flux and sensitivity analyses
include: hydrogen atom abstraction from isobutene by
molecular oxygen, hydroxyl, and hydroperoxyl radicals;
methyl allyl–methyl allyl radical recombination and the
reaction between methyl allyl and hydroperoxyl radicals.
The current mechanism accurately predicts the combustion
characteristics of isobutene across the range of experimental
conditions presented in this study.
Keywords: Isobutene oxidation, Shock tube, Rapid
compression machine, Chemical kinetics, Ignition, Flame
speed

I. INTRODUCTION
Understanding the combustion chemistry of the butene
isomers is a prerequisite for a comprehensive description
of the chemistry of C1 to C4 hydrocarbon and oxygenated
fuels such as butanol. For the development and validation
of combustion models, it is thus crucial to improve the
knowledge about the C4 combustion chemistry in detail.
Isobutene, one of the butene isomers, is an important
intermediate in the combustion of larger branched
hydrocarbons, such as isobutene, iso-octane etc.
Developing the comprehensive kinetic model of isobutene
is part of our whole project in describing the C1 to C4
chemistry also an extending work based on propene [1-2].
Several studies have been devoted to the pyrolysis and
oxidation of isobutene [3-5], there is a lack of
experimental data available in the literature for isobutene
at low temperatures (600–1000 K) and high pressures
(>10 atm).
Experiments carried out in this work are shown in Table I.
TABLE I.
Ignition delay time data for isobutene oxidation obtained in this study.
Reactor
Type

T–Range,
K

P–Range,
atm

 Range

Dilution

Shock tube

940–1500

10–50

0.3–2.0

in “air”

RCM

700–996

10–50

0.3–2.0

in “air”

II. EXPERIMENTAL METHODS
Ignition delay time measurements for isobutene were
obtained in at NUIG ST and NUIG RCM respectively.
Detailed explanation for these two facilities can be found
in [2].
III. PARTIAL RESULTS
As shown in Fig. 1, the current model predicts the
combustion characteristic of isobutene accurately.
T, K
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Fig. 1. IDT validation of the model (solid and dashed lines) against the
experimental results at φ = 0.3 in air.
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Abstract— A chemical species lumping approach for reduction
of large hydrocarbons and oxygenated fuels is presented. The
methodology is based on an a priori analysis of the Gibbs free
energy of the isomer species which is then used as main criteria
for the evaluation of lumped group. Isomers with similar Gibbs
free energy are lumped assuming they present equal concentrations when applied to standard reactor conditions. Unlike several
lumping approaches found in literature, no calculation results
from the primary mechanism have been employed prior to the
application of our chemical lumping strategy.

I. I NTRODUCTION
As reported by Tomlin et. al. [1] due to strong nonlinear
nature of chemically reactive systems it is quite tough, in principle, to find a priori assumptions for an automatic lumping
procedure. It is nevertheless a reasonable aim to explore to
what extent chemical reaction schemes can be reduced with
thermodynamically driven linear chemical lumping with an
acceptable loss of accuracy. The motivation is to maintain the
applicability of the lumping approach to automatic mechanism generators, and keep the reduction strategy independent
from the detailed mechanism performance under relatively
restrictive benchmark reactor conditions whatsoever.
The choice of the kinetic mechanism involved the selection
of surrogate fuel components that match both regular Diesel
and Rapeseed Methyl Esther (RME) properties. Cetane number and lower heating value have been considered, among
other properties, as main targets to be matched by the modelled surrogate fuel mixtures. The detailed reaction mechanism adopted herein presented 807 species and 7807 reactions
describing oxidation of n-decane, α-methylnaphthalene and
methyldecanoate. Application of the lumping strategy led to
a mechanism size of 463 species and 7600 reactions.
II. C ONSTRUCTION OF THE ISOMERS LUMP GROUP
As a first step the Gibbs free energies of all species of each
isomer class within methyldecanoate and n-decane mechanism have been assessed and compared to each other. Main
constrain considered to decide whether to include or not each
isomer in the lumped pseudo-species has been the absolute
difference in Gibbs free energy. In other words, isomers
which showed very small differences in Gibbs free energy
have been selected to be part of the lump group under the
assumption that they would present equal concentrations. To

Fig. 1. Schematic verification of the strategy adopted to choose the isomers
to include in the lumped groups for n-decane

verify until which extend this assumption can be considered
valid, several constant volume reactor calculation have been
performed and isomers concentrations have been analysed. A
representative outcome of the outlined thermo data analysis
and its verification is shown in figure 1.
III. C ALCULATION OF LUMPED SPECIES RATE
COEFFICIENTS

Once the isomers to be included in the group have been
evaluated, a linear lumping approach is applied. All selected
isomers lumped to one species are assumed to have equal
concentrations. The resulting rate coefficients are weighted
by the rates for the lumped isomers and the numbers of
reactants and products in the reaction equation. If isomers
with slightly different thermodynamic data are lumped these
differences have been taken into account in the formulation of
the calculated rate coefficients of the backward reactions. In
the lumped scheme we describe the total backward reaction
as the sum of duplicate reactions with the different backward
rate coefficients of the former isomeric species. This approach
is similar to that suggested by Ahmed et. al. [2]. When
introducing one lumped species the source term for the
differential equation is transformed from a single species

x = j, via the isomers x = l to the lumped species x = L as
follows:
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with NR denoting the number of reactions, NS the total
number of species, NL the number of species lumped to L,
00
0
cx the concentration of species x, νx,k = νx,k
νx,k
is the net
stoichiometric coefficient of species x in reaction k where
ν 0 indicates the reactants and the ν 00 products, kk the rate
coefficient of reaction k. After lumping the new number of
species is calculated together with the new rate coefficients
and new stoichiometric coefficients of the lumped group:
Ns∗ = NS − NL + 1

kk∗ = kk

0
L
!PN
j=1 νj,k

1
ν0

NLj,k

∗
νL,k
=

NL
X

νl,k

l=1

0
νL,k∗

=

NL
X

0
νl,k

Equation (1) therefore reads as:
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IV. R ESULTS AND DISCUSSION
Modelling of auto ignition has been carried out assuming
constant-volume and homogeneous adiabatic conditions. The
predicted ignition delay has been determined by the evaluation
of the maximum temperature gradient. To comprehensively
verify the effect of the lumping procedure on the mechanism
performance, single fuel calculations were performed separately and a mixture including all three components was tested
as well. The motivation behind the choice of the mixture,
comprising 0.71 n-decane - 0.23 α-methylnaphthalene - 0.06
methyldecanoate in mole fraction, was on one hand side done
based on the current legislation for european diesel by means
of aromatic/biodiesel content allowed. On the other hand,
the authors wanted to monitor potential influences of the
lumping on the fuel-fuel interactions and therefore a blend,
which is labelled as european Diesel model, was widely
studied. In Figure 2 comparisons between ignition delay times
predictions obtained using detailed and lumped mechanisms
are presented for all sets of gas compositions considered.
Overall a good agreement was found.
R EFERENCES
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Fig. 2. Simulated ignition delay times at φ = 1.0 for detailed mechanism
(symbols) and lumped mechanism (dashed line). Pure n-decane (a) ; Pure αmethylnaphthalene (b) ; Pure methyldecanoate (c) ; European Diesel model
(d): 0.71 n-decane - 0.23 α-methylnaphthalene - 0.06 methyldecanoate

)kk ∗
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i=1

0
0
where νi,k
= νL,k
for i = L . Further lumping of species
transforms the source term sequentially in this manner. Finally
the thermo data of the lumped pseudo-species are considered
as the average of those of the isomers involved in the lump
group.
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Abstract— We outline a strategy for chemical kinetic model
reduction under uncertainty. We present highlights of our
existing deterministic model reduction strategy, and describe the
extension of the formulation to include parametric uncertainty
in the detailed mechanism. We discuss the utility of this
construction, as applied to hydrocarbon fuel-air kinetics, and the
associated use of uncertainty-aware measures of error between
predictions from detailed and simplified models.

I. I NTRODUCTION
Chemical model reduction strategies generally start from
a detailed chemical kinetic mechanism as the reference or
baseline gold-standard. Given this standard, a specified range
of operating conditions or set of state vectors, a select set of
quantities of interest (QoIs), and a requisite error threshold,
a model reduction strategy produces a simplified mechanism
of associated size/complexity [9], [10]. This approach is very
useful in generating a spectrum of simplified mechanisms of
different sizes, each associated with a given degree of fidelity
in predicting chosen QoIs.
This strategy, despite its effectiveness, nonetheless relies
on the quality of the starting mechanism. Yet, there is typically significant uncertainty in both the structure of available
detailed mechanisms for hydrocarbon fuels, and in their thermodynamic and chemical kinetic rate parameters. Therefore,
in principle, the analysis/reduction processes that provide
simplified mechanisms starting from the detailed mechanism,
and the measures of quality of a simplified mechanism relative
to the detailed mechanism, need to account for both model
and parametric uncertainties in both mechanisms. This is
a challenging, yet highly relevant topic. Overconfidence in
the detailed mechanism can lead to a misplaced focus on
tight error tolerances in the simplified model, relative to a
faulty/uncertain baseline. Simplified model errors ought to be
handled along with detailed model uncertainties in the same
error budget. Any error norm between simplified and detailed
models ought to be weighted appropriately with attendant
uncertainties. Moreover, the fact that both the detailed and
simplified mechanisms are burdened with uncertainty suggests that any measures of distance between their predictions
be done in a probabilistic context. This line of reasoning
highlights the need for rethinking of model analysis/reduction
strategies for uncertain chemical kinetic models.
The above is a signficant undertaking with a range of
technical challenges. There has been some work addressing
model reduction under uncertainty in the context of proper
orthogonal decomposition (POD) [3], albeit for small degrees

of uncertainty. The dynamical analysis of uncertain ordinary
differential equation (ODE) systems has also received some
attention [7], [8], in a full probabilistic setting. However, the
challenge of requisite dynamical analysis and chemical model
simplification has yet to receive attention.
We lay out in the following a general strategy for analysis
and reduction of uncertain chemical kinetic models, and describe its utilization in the context of ignition of hydrocarbon
fuel-air mixtures. The construction is fully probabilistic, allowing for an arbitrary uncertainty structure. It is based on an
existing analysis and reduction strategy, using computational
singular perturbation (CSP) analysis [2], [4]–[6], that has been
used extensively for deterministic models of hydrocarbon
fuels [1], [9]–[11].
II. M ETHOD
Consider a starting chemical mechanism M∗ (λ), defined
by a set of species S ∗ = {S1 , . . . , SN } and elementary
reactions R∗ = {R1 , . . . , RM }, where λ is the relevant vector
of uncertain parameters, e.g. the Arrhenius rate parameters of
all reactions. Given a chosen physical system of interest, this
detailed model is used to generate a database of states. To
be specific, consider homogeneous constant pressure ignition
of a hydrocarbon fuel-air system, for a range of initial
temperature and stoichiometry, which is used to compute a
set of ignition trajectories, providing a database of states
D = {X (1) , · · · , X (K) }, where X ∈ RN +2 is the state vector
composed of temperature, mole fractions, and pressure. Given
that λ is uncertain, let Dλ denote the database computed for
a given value of λ.
For any given Dλ , and considering a given set of QoIs and
a tolerance τ on Importance Indices [9], [10], the CSP-based
analysis and simplification strategy provides a simplified
mechanism Mτ (λ), being a subset of the starting mechanism
with species Sτ (λ) and reactions Rτ (λ). In fact, given the
starting model specification, the simplified model can be
specified compactly in terms of an M -long integer vector
ατ (λ), where, for r = 1, . . . , M ,
(
1 for reaction Rr ∈ Rτ (λ)
τ
αr (λ) =
(1)
0 otherwise.
Accordingly, we can view the process of database generation,
analysis, and model simplification as an input-output map:
fτ (λ) : λ → ατ (λ),

(2)

which provides a convenient abstraction for the use of uncertainty quantification (UQ) methods to account for uncertainty
in λ, as follows.
Placing ourselves in a probabilistic UQ setting, uncertain
quantities are represented as random variables. Accordingly,
λ is defined as a real-valued random vector with a presumed joint probability density function (PDF) p(λ). The
specification of this PDF is a major challenge, requiring
recourse to available data on each parameter in the model,
and allowing proper accounting for the correlation among
different uncertain parameters. For now, let us consider that λ
is composed of the Arrhenius pre-exponential rate constants,
λ = (A1 , · · · , AM ), and that each Ar is independent and
lognormally distributed. The distributions can be specified
based on published information on Ar nominal values and
uncertainty factors.
Generating J random samples from p(λ), {λ(1) , · · · , λ(J) },
the above input-output map provides corresponding samples
{ατ,j }Jj=1 , where ατ,j = ατ (λ(j) ), so that we can estimate,
∀α = (α1 , · · · , αM ), the joint probabilities,
Pτ (α) ≈

J M
1 XY
δ τ,j
J j=1 i=1 αi αi

(3)

where δpq is the Kronecker delta. The marginal probabilities
are given by
J
1X
δ τ,j
(4)
Pτ (αi ) ≈
J j=1 αi αi
such that, we define the marginal probability that a reaction
is included in the simplified mechanism for a given τ , as
Piτ = Pτ (αi = 1) ≈

J
1 X τ,j
α .
J j=1 i

(5)

In this way, we arrive at a proposed strategy for model
reduction under uncertainty, whereby a reaction is included
in the simplified mechanism for a given τ , when its marginal
probability satisfies Piτ > 1 − , where 0 <  < 1.
III. D ISCUSSION
We have used the above construction for simplification
of uncertain methane-air and n-butane-air mechanisms with
specified uncertainty in pre-exponential rate constants, based
on constant pressure homogeneous ignition computations. We
have explored convergence of the results as a function of the
size of the database, as well as the number of random samples.
We are also exploring requisite means of error estimation,
relying e.g. on the uncertain prediction of lumped quantities
such as ignition-time, or on the comparison of uncertain timetrajectories, given the detailed mechanism and a simplified
mechanism. In this last context, whether comparing nominal
predictions weighted with uncertainty, or relying on probabilistic measures of difference between uncertain predictions,
we employ error estimates that are informed by uncertainty.
We will present the above construction, and illustrate its use
in the simplification of uncertain detailed kinetics of n-butane.

IV. C ONCLUSION
We have outlined a strategy for analysis and simplification
of detailed chemical kinetic models under uncertainty. The
construction relies on CSP analysis and associated chemical model simplification, along with probabilistic handling
of uncertain parameters. The compact representation of a
simplified model in terms of a binary vector facilitates the
handling of uncertain model space, and the formulation of
the model reduction strategy in terms of chance constraints
based on sampled statistics. The method is general, and easily
applicable to any determinstic chemical model reduction
strategy, physical system, and quantities of interest.
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Abstract— Mechanism reduction is badly needed in large scale
chemical simulations. Most graph based approaches, such as
Directed Relation Graphs, derive the dependency of a species
on all the others using single paths between them, which is
not optimal. But since calculating the optimal solution has
prohibitive costs, in this paper we propose the use of all the
paths of a given large size to approximate the dependency.

I. I NTRODUCTION
Mechanism reduction is an essential step prior to simulation
due to the computation of simulating a full mechanism.
Several approaches to reduction exist, being graph based
approaches prominent. Graph based approaches normally calculate, for each pair of species that appear in a chemical equation, how much they directly affect each other’s production
and consumption; these Direct Interaction Coefficients (DIC)
are the weights of the edges connecting the vertexes corresponding to the given species in a directed graph that represent
the whole mechanism, the dependency graph[]. Given a set of
target species, for example pollutants or desired products, the
dependency graph is used to calculate the Overall Interaction
Coefficient (OIC) of each target, i.e., how much it is affected
by each of the other species[]. Because calculating the OIC
precise values is too costly in computational terms, current
methods provide only approximations, such as that given by
considering only the paths from the target to the species that
have the biggest DIC product and ignoring other paths.
In this paper we provide a an approximation to the OIC
that consider all the paths from target to species of a given
size. By considering a large size and considering that complex
mechanisms have very small cycles in their graphs, and hence
that a large path will likely include many small paths, our
approach can better approximate the OIC. Our technique uses
large powers of the adjacency matrix, equivalent to the dependency graph. Our algorithm performs O(log p) multiplications,
where p is the power of the matrix.
We built our approach using Cantera. It automatically
builds the dependency graph and calculates the OIC of all
species of a loaded mechanism, and also reduces the mechanism using user provided parameters, e.g., the target number
of reactions.
II. D IRECTED R ELATION G RAPH
A. Directed Interaction Coefficient
A directed graph G = (V, E) is composed by a set of
vertexes V and edges E, such that ∀(v, w) ∈ E, v, w ∈ V ,
and the edge is directed from v to w. Graph based reduction

methods build graphs in which vertexes represent chemical
species (We use species’ names and corresponding vertexes
interchangeably.) and a directed edge (A, B) denotes the presence of a reaction that consumes b and produces or consumes
A in the mechanism, Directed Relation Graph (DRG). The
weight of each (A, B) edge in the DRG is the coefficient
of how much species B directly affects the production and
consumption of species A, i.e., their Direct Interaction
Coefficient (DIC), noted rAB . The method to calculate rAB
was proposed by [Pepiot-Desjardins and Pitsch, 2008] and
extended by [Niemeyer, 2013].
B. Path-Independent and Overall Interaction Coefficients
A directed path or, in the context of this work, a path from
v to w in a directed graph (V, E) is a sequence of vertexes
s = hv1 = v, v2 , . . . , vn = wi, such that vi ∈ V, 1 ≤ i ≤
n and the edge (vi , vi+1 ) ∈ E, where n is the length of
sequence s and vi is the i-th element of s. Hence, there exists
a path hv, . . . , wi, from v to w, in a graph corresponding to
a chemical mechanism if and only if there is at least one
chain of reactions in the mechanism where the first reaction
consumes species w and the last one produces v.
The the DIC of a path connecting a target species to a
source species may be combined to produce a Path-Dependent
Interaction Coefficient (PIC); the formula to calculate rAB,p is
given by Equation 1, where p is the corresponding path from
A to B and n is the number of reactions in the sequence.
rAB,p = Πnj=1 rp[j],p[j+1]

(1)

Finally, the PIC may be combined to produce an Overall
Interaction Coefficient (OIC). However, the precise value of
the OIC would be a combination of all the paths connecting
the two species, but finding all paths in a graph is computationally too expensive for any reasonably sized mechanism,
with complexity O(n!). This is why reduction methods use
approximated OIC, based a single path in the graph.
C. Path Based OIC Approximations
Since finding all the paths is too expensive, an alternative is
to find one path that is representative of all the others, and use
its PIC as an approximation to the OIC. Nyemeyer compared
the performance of three path searching algorithms, BreathFirst Search, Depth-First Search, and Dijkstra shortest path
[Niemeyer, 2013]. Ultimately, all of these algorithms use a
“special” path to approximate the OIC, such as the one with
biggest PIC or whose smallest DIC is the biggest.

The problem with using a single path to approximate the
OIC is that even though the resulting coefficient might show a
low dependency between species, the actual value could show
otherwise. This is true even in the case the path with biggest
PIC is used, as given by the Dijkstra algorithm, since there
could be a multitude of alternative paths.
Alternative approaches to OIC approximation exist, such as
the Path-flux propagation [Sun et al., 2010], but they seem to
have similar problems, and we do not review it here.
III. P ROPOSAL
A directed and weighted graph may be represented as
adjacency matrix, and our proposal consists in using simple
matrix multiplication and, ultimately, matrix large powers,
to approximate the value of the OIC, for any given pair of
species, as we now explain.
In the adjacency matrix lines and columns correspond to
the graph’s vertexes and the cells value is the weight of the
edge from the line vertex to the column vertex; if no such edge
exists, the value is 0. In other words, if M is the adjacency
matrix corresponding to a DRG (V, E), then

rAB = rAB,hA,Bi ifA, B ∈ V and (A, B) ∈ E
MA,B =
0 otherwise
(2)
Also, if MA,B is the direct dependency of A in B, then
MA,C ∗MC,B is the dependency of A in B via chain reactions
of size two, in which the second reaction involves B, that is,
if A, B, C ∈ V
and (A, C), (C, B) ∈ E

0 otherwise
(3)
P
Moreover, C∈V MA,C ∗ MC,B measures the dependency
of A in B through all chain reactions of size two, that is,
X
rAB,hA,C,Bi
(4)
MA,C ∗MC,B =


 rAB,hA,C,Bi

C∈N

But since C∈V MA,C ∗ MC,B is exactly the value of cell
2
MA,B
, it may be calculated, along with the other dependencies through chain reactions of size two, by raising M to the
second power.
100
Finally, the same is true for any power; for example, MA,B
has the dependency of A inPB considering all chains of
one hundred reactions, i.e.,
p rAB,p where p = hs1 =
A, s2 , . . . , s101 = Bi.
x
We propose to use MA,B
, for a large x, as an approximation
for the OIC of A and B. Since the paths considered include
cycles, if we assume that there are cycles of most sizes in the
DRG and that huge paths are concatenations of smaller ones,
then a large power will include cycles of various sizes and be
a good approximation to using all possible paths. We believe
this assumption is true by analyzing different mechanisms,
such as GRIMech3.0, whose DRG is depicted in Figure 1.
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A. Calculating the Matrix Power Efficiently
Multiplying two matrices takes O(n2.373 time. Hence, calculating the power matrix by successive multiplications is
impractical. Instead, we use the equality M x ∗ M x = M 2x
in our approach, presented in Algorithm1; it has complexity
log(x)∗n2.373 , where x is the power desired and n the number
of species.
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0.00082601200333358318

0.00094754578514629156

0.0081420103722603891

1.2452577487633834e-12

0.016338692734386869

2.0626242408217259e-12

0.10373100592989083

0.0052469507828394072

0.11255689317109248
0.007969798504955156
0.077335122507237772
0.11281114580653402
0.054456024625415385
CH2(S)
0.0087887409500921592
0.10391552172091706
0.024267673326217262
0.0681061695740112630.0071939436672115225
0.15277347301422015
0.0071367891089866584
0.00047724769645694911
0.0038542397432634731
0.013327896716421138 0.014015635175159634

0.0021875545812785266
0.010303288216029938

0.013641684442141746
0.039068363158652399

0.036060292375246959

0.023528180336722115
0.082869591182102409

HCO

C2H4

0.018801857634422336
0.11281114580653355
0.0017726960734383524
0.009493646119082922
0.020465324911742161 0.0069805686991956896

0.069390220153677878
NNH

0.1272114835341038
7.1436503838843896e-06
0.015865619168817582

0.17373786880254374

0.2834273432812312
0.06459729403376932
0.0052198555596444712
0.0073962422666429039
0.15321932942393202
0.00073804807732463069
0.00060564489743190572 9.6864632131652195e-06

0.18769767152145253
0.23044389112877153
0.018408166302610222
0.078237907082800623
0.024224732418501104
0.063993502285072626

0.011281550418363833
0.0039154199209669007

0.0094408604843987248 0.1052570863462714
0.03902300452919924
0.0012575211396979214

C2H5

1.4245896836100725e-10
0.12641077134859219
0.094994003672289398
0.47658262542133328
0.34550567889374606

0.00019939602572907844 0.032296604581286144
3.0303989572672504e-05
0.00017002233498975103
C2H6
0.0041203585731552387
0.0076196488289633985
0.00060698219651422237
0.0024998896082347138
0.00014733401579954827
0.21052206266880319
0.00013231105324004494
4.4957281634025993e-05
0.45688140125447907

0.012065638834930444

0.0081048780865802857

0.0025203283847456421

0.34450308691244885 0.29990209313110533
HO2

0.051472122727819855 0.31198105509499996
4.1723145530807498e-05
0.0013643549941161411 0.0026670004166027875
8.6529407705611687e-05
0.021390564760384083 0.029870404665951412

0.11272306323518883
0.021618708914017817

0.094936461190829213
0.065217841265687429
0.024791187788160775
0.026644109409096752

0.044028657120244306
0.050071828284062703
0.0071325912985313704 0.010734475480918724

0.42418379821959556

0.0050493581258392118
0.00039825819074676069
1.6054065329493425e-05
2.5790218539354804e-05
0.48159183369738967
0.14615162282983357
0.056724426360669336
0.3467806705760681
0.0016696726809942528 0.0031295162831834469

0.0013761965075119698 0.014859075595349425
0.07032851653829901
0.049278773965175049

0.10640758843117955
0.23940232291496474
0.0014544563397996765
0.0051988643362755821
0.013536729829003277
0.017217360568192321
0.0070711766115415086
0.018212260922833151 0.032791065830097686
0.0052083384277999819
0.0019025055431853525
0.11703179144946181
0.011640613769321205
0.31592583596288659
0.00164941678376913960.0069805686991956896
0.00050346327548695562
0.038638240202231722 0.29808700298640733
0.063993502285072626
0.0097827746669073481
2.661049140677268e-05
0.014933075078275843
0.014649383086456276
0.0045827294005315287 0.17281113666294004
0.018383281271459714
0.046284840830509565
0.079181498357837998
0.061406062979031596
0.029390496782159221 0.12309354357872315 0.1103747618213323
0.33184803682828801
0.031000938258263288
C2H3
0.064162971617698308
0.30094935233664755
2.0032861248648174e-05
0.19826481539868246
0.00038787355782659108
0.011822068370148219 0.045449961012209592
0.00041223255347808704
0.0030785254998870332
0.00018303867792483956
0.013312386749311123
0.0087715896343082116 0.16483148234865874
4.1830799983648374e-05
0.039093671128709262
0.0073600734766808302
0.02918016857051196
0.042029084837737769
0.011317966749712496
3.3952639179714327e-05
0.022784750685799011
0.041112529847134739
0.098093643368382388
0.031103699055425666 0.042603323012857748
0.023605924212424932

1.9369981312150486e-05

CH2CHO
0.024119804495400004

0.011896521844137779

CH3CHO

0.11598562899375658

3.9049728172579653e-05 7.7873098232864298e-05
C3H7
0.019114654096215215
0.00697231197388776740.041124125478611717
0.033477044798544575
0.1358251217146404
0.11923365703172006 0.063380492808453884
0.043725617956355149
0.042341482250917828
0.083277892501076936
0.017864958175991815
0.040777911180581328
0.031059666009064291
0.086391948649626751
CH3

0.0099641379397442942 0.026382983644536014
0.012798700456997174 0.0083483634053029433
0.0065748246778654894
0.00089214275695777246
6.4380551245213908e-06

0.22840771051166323
0.10792922141909485
0.042872119800226448

0.022784750685799011
1.7284340275131784e-05
0.063607701807537928
0.05995980752876446
0.00750395246763881
0.11506977917974474
0.01203777949779797
0.3338067109015207
0.12501779326093712
0.022721678601354867
0.008630284350618446
0.0051349494451053811
0.12632830782280693
0.048903882648250539 CH2OH
0.059227035130162593
0.029005062929257877
0.037974584476331688
0.079430029778315939
0.051194801828058092
0.036492109715617088
NH3
0.034108874852903745
0.14439023017305289
0.063411005062134235
0.0038433852432776792 0.0043954252411765281
0.12798700457014525
0.02954037460959388
0.5
0.0335170739764320130.071844176199698531
0.00039197621468892521
0.027636317458793767
CH3OH
0.2555644972500456 0.013643549941161496 0.044460150505491
1.0431692850860754e-06
0.16724697422767665
0.0037036567199373676
0.068790179734899828 0.0022548759463656668
0.058037493564695473
H2O
0.011713864049437778
0.11379888412840111
0.065480044986424596
0.022791442658607566 0.013643549941161499
0.0024109610511591118 0.044151499233960306
CH3O
0.033581599652628982
H20.0049541958475451718 CH2O
0.0085544602218604725
0.062820963040074868
0.11045916125846593
0.0069350566731398366

0.0039381431647986277
0.0019461262228503537
0.00014120679720435551 2.5070873265391547e-05

Algorithm 1 Matrix power algorithm.
function RAISE(M, P )
A←I
while P > 0 do
if P mod 2 = 1 then A ← A ∗ M
P ← P/2
if P > 0 then M ← M ∗ M
return A

IV. C ONCLUSION AND F UTURE W ORK
We have implemented our proposal in Cantera1 to reduce
any mechanism to one with a given fraction of the original
size, using different methods to rank the equations using the
approximated OIC. In a qualitative approach we verified that
our reduced mechanisms maintain a behavior close to the
original one while cutting up to 70% of the reactions.
Our next steps include performing an extensive evaluation
and combining our method with others.
Last, we note that this work is the product of scientific collaboration between the Fluid Mechanics Laboratory (MFLab)
of the Federal University of Uberlândia and Petrobras.
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Abstract— A detailed 26-step heterogeneous mechanism for
char gasification is reduced. Reduction is carried out based on
sensitivity and reaction flow analysis. The reduced mechanism is
then used in three different numerical tools of varying detail to
analyze its performance and sensitivity to boundary conditions
and treatment of external influences.

I. I NTRODUCTION
Present detailed mechanisms for biomass and coal conversion in combustion and gasification applications are too
time-consuming for large scale CFD simulations with a high
number of particles. Our goal is to develop a reduced heterogeneous mechanism for solid fuel conversion in combustion
or gasification environments with sufficient accuracy and low
computational cost applicable in engineering tools. Starting
point for the reduction is the 26-step char conversion mechanism developed at Stanford University [1] which was obtained
using Thermogravimetric Analysis (TGA) of Wyodak coal.
For gas phase reactions, GRI 3.0 [2] is used. We reduce the
mechanism via sensitivity and reaction flow analysis using
the commercial software LOGEsoft [3] and compare with
TGA results of the Sandia group, data from the stand-alone
code for particle conversion called Stanford-code [4] and the
implementation of the Stanford-code into the open source
CFD software Pencil-code developed at NTNU.
The mechanism assumes that the coal has already undergone the processes of devolatilization and pyrolysis, so that
only pure char is present. This char comes in two distinct
phases; one represents carbon atoms that have contact to the
gas phase, on the surface and in the pores of the char particle,
and the other represents the bulk phase beneath it. As surface
carbon atoms desorb into the gas phase, the underlying bulk
phase atoms become the surface phase.
II. M ETHOD
A. Reduction
The chemical analysis suite LOGEsoft provides sensitivity
and reaction flow analysis for heterogeneous and homogeneous mechanisms. Given the Arrhenius expression for a
reaction rate k
Ea

k = Ae− RT

(1)

with A being the preexponential factor, Ea the activation
energy, R the gas constant and T the absolute temperature,
sensitivity analysis provides data on how a change in the
reaction rate affects a target attribute of the flow, e.g. outflow
temperature or water vapor fraction. Reaction flow analysis
looks at which rate a reaction occurs under the boundary
conditions applied. The importance of a reaction for the
overall mechanism is assessed using these two methods and
a reaction is neglected if it is deemed not important.
B. Simulations
The reduced mechanisms obtained are supplied to three
numerical tools with varying degree of detail for fluid-solid
interaction: the LOGEsoft gasifier module, the Stanford-code
and the open-source CFD code called Pencil-code.
1) Gasifier module of LOGEsoft: The module treats the
gasifier as a series of Partially Stirred Reactors (PaSR), where
turbulence effects are taken into account through a stochastic
mixing model [5]. The gas in each PaSR is divided in a
number of virtual gas particles which in turn contain solid
particles. Radiation and mixing are described by probability
density functions, so that two gas particles mix attributes
of the gas phase or exchange heat with the gasifier wall
randomly. The solid matter particles are modeled as moving
with the surrounding gas and their total surface sites are
governed by their weight, specific surface and porosity. The
gasifier and particles are not resolved spatially.
2) Stanford-code: A thorough description of the code can
be found in [6]. The code assumes a cloud of particles of
uniform size and behavior in quiescent gas. It takes particleparticle, particle-fluid and particle-wall radiation into account
and treats the particles as 0-dimensional. The influence of
internal gradients on particle conversion are modeled by
applying a Thiele modulus [7]. The near-field gas composition
around the particle is calculated using an equilibrium assumption. Stokes flow is taken into account, reversible reaction
rates are calculated using an equilibrium constant calculated
from the change in Gibbs free enthalpy over the reaction. With
the current heterogeneous mechanism it is able to predict mass
loss rates of Wyodak char well.
3) Pencil-code: The Pencil-code is a open-source CFD
code capable of large-scale Direct numerical simulation
(DNS) [8]. It uses lagrangian tracking of the particle phase

TABLE I
B OUNDARY CONDITIONS FOR SIMULATIONS

2800
Full 26-step
7-step
18-step

2600
Value
1640K
1640K
50µm
0.4
0.55
0.05

Temperature [K]

Condition
Tgas
Tpart
rpart
YH2 O
YO2
YN 2

and can simulate up to one million particles. Particle-fluid
momentum transfer is calculated using the Stokes drag as
the particles in question are very small, of the order 50µm.
Radiative heat transfer is not yet implemented. The particle
chemistry module is based on the Stanford-code and its
calculations are carried out for each particle, so a simulation
with many particles combined with the detailed mechanism is
very costly. A zero-dimensional calculation of the Pencil-code
gives the same results as a calculation using the Stanfordcode.
III. S IMULATIONS
To show the promise of the method, we performed three
simulations in the Stanford-code with the same boundary
conditions: one with the full 26-step mechanism and two
reduced, to 7 and 18 steps respectively with a ’best-guess’
method. This step will be replaced in the actual contribution
by sensitivity and reaction flow analysis. The homogeneous
reactions were left unaltered. An overview over the most
important conditions can be found in table I.
1.0

Conversion [-]

0.8
0.6
0.4
Full 26-step
7-step
18-step

0.2
0.00.0

0.5

Fig. 1.

1.0
Time [s]

1.5

2.0

Particle conversion over time

Figure 1 shows the particle conversion over time for the
three cases. All cases agree well until 50% conversion, after
that both reduced cases flatten out significantly, with the 18step mechanism staying closer to the full mechanism. The
plots end when 99% conversion has been reached, which
was 0.68, 1.3 and 4.7 seconds for the full, 18- and 7-step
mechanism.
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100
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Particle temperature over time

Shown in figure 2 is the particle temperature evolution
over time. The particle temperature of the 7-step mechanism
follows the full mechanism closely but has a higher and later
maximum, only to fall off faster than the full mechanism.
The 18-step mechanism has a significantly lower maximum
but follows the full mechanism after 0.1 seconds.
The computational time was 2291 seconds for the 26-step,
573 for the 18-step and 112 seconds for the 7-step without
altering GRI 3.0 with its 325 mechanisms. This huge speed
up shows the potential that lies in the reduced mechanisms
which will be further explored investigating the influence of
different sensitivity targets on the predictability of the reduced
mechanisms.
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Christian Klauer, Timothy Laska, Jordan Jalving, and Fabian Mauss.
Cpu efficient modelling of biomass gasification using a stochastic reactor
approach and chemistry guided reduction. EU BC&E June 2014,
June 2014. Available at http://www.loge.se/pdf/poster_
BiomassConferenceBCE2014.pdf.
[6] Nils Erland L. Haugen, Reginald E. Mitchell, and Matthew B. Tilghman.
A comprehensive model for char particle conversion in environments
containing o2 and co2. Combustion and Flame, 2015.
[7] Ernest W. Thiele. Relation between catalytic activity and size of particle.
Ind. Eng. Chem., 31:916–920, 1939.
[8] Axel Brandenburg. Pencil code homepage, July 2014. Available at
http://pencil-code.nordita.org/.

Directed Relation Graph Generation Based Method
for Efficient Large Kinetic Mechanism Reduction
Zeiwar Shaheen∗ , Bernd Rogg∗
∗ Ruhr

University Bochum/ Department of Mechanical Engineering, Bochum, Germany

Abstract— Detailed kinetic mechanisms, for large chain hydrocarbons, contain hundred to thousands chemical species and
reactions. However, it is difficult and more often impossible to
use large mechanisms to conduct combustion CFD simulations
for complex geometries. The objective of the current study is to
develop algorithms that automatically and efficiently reduce big
detailed kinetic mechanisms to the smallest possible size without
losing important details of the flame structure and accuracy of
predicted parameters such as flame speed or ignition-delay time.
New algorithms have been developed based on the DirectedRelation Graph-Generation method, (DRG-G). Also other methods have been implemented namely Sensitivity Analysis (SA)
and Unimportant Reaction Elimination (URE). Specifically, an
n-heptane mechanism containing 561 species and 2539 reactions
was reduced for temperatures in the range from 600 to 1800
K, pressures in the range from 1 to 50 atm, and equivalence
ratios in the range from 0.5 to 1.5. Ignition- delay time was the
validation parameter. The mechanism was successfully reduced
to 93 species and 295 reactions. Very good agreement between
numerical results with the skeletal and detailed mechanism was
obtained.

I. I NTRODUCTION
Generally, combustion simulation is a rather complex field.
It requires chemical understanding of the fuel and physical
understating of the flow. For combustion in three dimensional
geometry, numerical analysis become a critical issue. As
far as the chemistry part is concerned, a detailed kinetic
mechanism would be required. As the size of a hydrocarbon
chain increases, the number of reactions will increase. As a
consequence, even if high computing power is available, simulation costs for a complex system will be a concern. Hence
mechanism-reduction algorithms are required that identify
key species and reactions needed to describe the combustion
process sufficiently accurately.
Generally, detailed kinetic mechanisms reduction is conducted
in two steps. In the first step redundant species and reactions
are removed, e.g. by sensitivity analysis (SA) and directedrelation graphs (DRG) [1]. In the second step, a time scale
analysis, e.g. by computational singular perturbations (CSP)
[2], and Int or intrinsic low-dimensional manifolds (ILDM)
[3], is carried out. The focus in this study will be on removing
redundant species and reaction. Thus, a Directed Relation
Graph Generation based method (DRG-G) is developed and
implemented or combined with other methods, namely sensitivity analysis (SA) and Unimportant Reaction Elimination
(URE). Moreover, computational singular perturbations (CSP)

are implemented, details of which, however, are not within the
scope of this presentation.
II. R EDUCTION M ETHODOLOGY
A. Directed Relation Graph Generation Based Method
DRG is a graph-based method introduced by Lu and Law
[1]. Is suggests that for any two species A and B can be
represented as vertex, and the line connecting A and B is
the reactions involving them. The strength of the connection
between species A and B (rAB ) can be calculated via an
objective function. Pepiot and Pitsch [4] introduced DRG with
Error-Propagation DRG-EP.
In the current study, DRG-G is used. DRG-G introduces two
modification over DRG, viz., one for the objective function
and another for the species marking. As a first modification,
for transient systems DRG-G calculates (rAB ) at each time
step according to the objective function formulation introduced by Lu and Law [1], but takes only the maximum (rAB )
over the entire time steps, as in (1). In a second modification,
DRG-G separate species according to their relevance to a root
species such as fuel. Then, at each generation, the species
with maximum species mark (m) are adopted as new root
species, as shown in Fig. 1. In Fig. 1, species A is root
species, species B and C considered first generation, and
species D is considered the second generation. The species
mark evaluation is similar to DRG-EP [4] which considers
the relative importance of each species on another rather than
the direct importance as in DRG [1].
I
P

(rAB )max =

|νA,i ωi δB,i |

i=1
I
P

.

(1)

|νA,i ωi |

i=1


δB,i =

1,
0,

if the ith reaction involves species A and B ,
Otherwise .

where νA,i is the stoichiometric coefficient of species A in ith
reaction, and ωi the reaction rate of reaction i. Species A and
B considered weakly connected whenever (rAB ) is smaller
than user threshold value .

Fig. 1. Schematic graph of DRG-G, each vertex indicates a species, and
each line indicates the dependency of each species on another.

B. Sensitivity Analysis and Unimportant Reaction Elimination

Fig. 2.

Number of species retained at each reduction stage.

Sensitivity analysis methods are implemented by taking the
relative error in a target parameter caused by removing one
species at a time from the mechanism. In the present study,
the target parameter is ignition-delay time (2). Accordingly
we define
errk =

|τ − τk |
.
τ

(2)

where errk is a relative error, τ the ignition-delay time when
all species are involved, and τk the ignition-delay time when
species k is removed.
Unimportant reaction elimination (URE) is employed in conjunction with the importance-index function defined by Lu
and Law [5], which is based on CSP (3). Specifically,
Ik,i =

|νk,i ωi |
,
I
P
|νk,i ωi |

(3)

i=1

where I is the importance index, νk,i the stoichiometric
coefficient of th species k in reaction i, ωi the reaction rate
of reaction i, and I indicates the total number of reactions.
C. Validation
An n-heptane mechanism [6] containing 561 species and
2539 reactions was reduced successfully to a skeletal mechanism containing 93 species and 295 reactions for temperatures
in the range from 600 to 1800 K, pressures in the range from
1 to 50 atm, and equivalence ratios in the range from 0.5 to
1.5. The reduction sequence was two stages DRG-G, followed
by SA and URE, finally one more DRG-G stage, as shown
in 2. Very good agreement between the skeletal mechanism
and the detailed mechanism was obtained, as shown as in 3.

Fig. 3. Ignition-delay time obtained with 561 species detailed mechanism
(lines) and 93 species skeletal mechanism (dots), at equivalence ratio 1.0,
temperature 600-1800, and pressure 1 (black), 5 (red), and 50 (blue) atm.
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Abstract— In this work we apply various concepts of mechanism reduction with a PDF based method for species profile
conservation. The reduction process is kept time efficient by only
using 0D and 1D reactors. To account for the expansion phase
in internal combustion engines a stochastic engine tool is used
to validate the reduction steps.

fuel equivalence ratio is defined as a first step. Afterwards a
set of targets and the acceptable deviation against the detailed
model predictions needs to be defined. Such constrains define
the validity of the reduced mechanism.

I. I NTRODUCTION

The first reduction step consists of horizontal lumping of
isomeric species as introduced by Ahmed et al. [2]. A simple
tool was developed in order to automatically suggest the list
of species to lump based on a set of n a priori assumptions.
The thermodynamic data of the pseudo species are averaged
over the isomers involved in the lumped group and the main
reaction hierarchy is maintained.

In the last decades the use of computational tools became
an inherent part of engine design. Even though the available
computers and algorithms became faster over the years full
CFD calculations with detailed reaction schemes are time
consuming. Therefore the reduction to a minimal size (species
and reactions) with a good agreement against the detailed
scheme is one solution to the problem. A major demand on
the reduction procedure is that is applicable to any size of
mechanism, for any kind of mixtures (single / multi component fuel) and for a wide parameter range. Furthermore the
reduction methods shall preserve certain features depending
on the application and shall not introduce artefact’s such as
quenching in the expansion phase. In addition users are often
limited to the use of mechanisms in standard format since
it is often not possible to validate and reduce the detailed
mechanism in CFD for a wide range of engine conditions. To
overcome this problem we suggest to use a combination of
0D/1D reactors and stochastic engine tools for the mechanism
reductions.
A. Proposed tool chain
The proposed tool chain consists of two major strains: the
main reduction is carried out in 0D and 1D reactors and each
reduction step is compared against the detailed solution. To
assure that the performance under engine conditions is within
the defined error range a stochastic engine model is used
to compare intermediate reaction steps against the detailed
mechanism [1].
II. M ECHANISM R EDUCTION S TEP BY S TEP
A. Definition of Parameter Range
Since the species and reaction removal is carried out in
0D reactors (constant volume / pressure) or flame configurations, it is essential to define a range of inlet parameters
which well represents typical engine conditions. Therefore
a matrix in mixture compositions, temperature, pressure and

B. Horizontal Lumping

C. Species Removal
The species removal follows the concept of Chemical
Guided Reduction introduced by Zeuch et al. [3]. Species
will be removed based on a necessity analysis and the most
conservative value over all reactors and targets is chosen. The
necessity I of a species i is calculated iteratively from
a
I¯i = max(Ij fi,j
, Ij cai,j , Ii ;

j = 1, Ns , a = 1, Na )

where the first value for Ii is calculated as
Ii,0 = max

S
Sj,i
S )
maxk=1,NS (Sj,k

!
, Bi

Ns and Na are the total number of species and atoms
respectively, k denotes a species and Bi is 1 or 0 depending on
a
if i is set as a necessary species or not. fi,j
is the weighted
formation of species i from species j by atom flow from
species j to species i;

R t1 PNr
1
a 0
00
r
(t)n
ν
ν
a
i jR iR ∆nR dt
R=1 R
t=0
a

fi,j
=
R t1 PNr
0
R=1 rR νjR dt
t=0
Similarly, cai,j is the weighted consumption of atoms from
species i to species j;

R t1 PNr
1
0
00
rR (t)nai νiR
νjR
dt
a
R=1
∆n
t=0
R


cai,j =
R t1 PNr
00
R=1 rR νjR dt
t=0
The species profiles of the detailed and reduced reaction
scheme are mapped to probability density functions (PDF).

Moments of the PDF are used to compare the profiles against
the detailed solution. Furthermore the maximum and the
equilibrium values are evaluated. This way the position and
shape of target species profiles are kept in a given error
range. Validation of the ignition delay time is simply based
on the evaluation of the maximum temperature slope. If all
targets (ignition delay time, species profile) over all reactors
in the matrix are within the given tolerance the reduction is
considered as valid and the necessity analysis will be repeated
to account for a change in flow. All species which could
not be removed are regarded as removable after a successful
reduction step.
D. Reaction Removal
Reaction removal is done in the same manner as species
removal. Due to the control of species profiles the major
pathways are preserved. Furthermore we remove all slow and
unimportant reverse reactions of those which are formulated
in equilibrium.

Fig. 1. Comparison predicted ignition delay time (solid lines - detailed
scheme; dotted lines - 56 species scheme) against experimental values. For
references see [4].

E. Vertical lumping
The idea of vertical lumping or chemkin type steady state
can be expressed with a theoretical reaction chain:
... → [A] → [B] → [C] ... where [A] · k1 − [B] · k2 = 0
1
can be written as: [B] = [A]·k
k2 . The production rate of [C]
[A]k1 ·k2
can be calculated as: ∂C
= [A]k1 . In
∂t = [B] · k2 =
k2
order to identify species which can be set to a steady state
we carry out a life time analysis. The chemical lifetime can
be expressed as
τi =

1
∂ωi
∂ci


=P
Nr
k=1

ci
0
νi,k

−

00
νi,k

0
 νi,k
rk0

where ωi represents the species source term in terms of
concentrations, ci , νi,k is the stoichiometric coefficient (prime
- reactant and double prime - product values) and rk is the
reaction rate for reaction k. Unfortunately not every species
with a short life time can be removed by this assumption. This
is often the case for reactions which involve the formation or
consumption of major radicals such as H or OH, hence this
step is not automated.
F. Further reduction
It is possible to reduce the mechanism even more by
applying non standard format, lumping fuel molecules, solver
based QSSA reduction or introducing global reactions.
III. A PPLICATION ON N -H EPTANE AS D IESEL R EFERENCE
F UEL
The proposed tool chain is applied to a published nheptane mechanism [4] with 349 species. The main target is
to reduce the mechanism for typical Diesel engine conditions
without affecting prediction for major emissions (NOx, CO,
CO2 , H2 O and unburned hydrocarbons) and correctly cover a
broad range of fuel equivalence ratios (0.3 - 4.0). Following
the steps proposed above the mechanism was reduced as
follows (species / reactions): Detailed (349/3686) → Lumping

Fig. 2. In cylinder pressure trace with detailed (red) and 56 species scheme
(green)

(305/3668) → Species removal (84/772) → Reaction removal
(84/329) → Vertical lumping (56/206). Predicted speciation
of major species in burner stabilized flames [4] and ignition
delay times (figure 2) are close to the detailed scheme.
The CPU time for a calculation of 30 engine cycles in the
stochastic DI model was improved by factor 28 to 64s for
the smallest mechanism. Average exhaust out emissions (NOx
and unburned HC) were compared in a sample case and
differ less than 10%. The predicted in cylinder pressure shows
excellent agreement (see figure 2).
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Abstract— The skeletal reaction mechanism for methane
combustion is developed to be applied in the CFD simulations
of rocket combustion chamber under pressure 20 bar. The
used reduction procedure analyses the model behavior under
different pressures, temperature and equivalence ratios and
selects the reaction and species those are redundant
simultaneously for all studied processes and parameters. The
rate of production analysis and sensitivity analysis were
applied to simulations of experimental targets for ignition
delay times (65 points) and laminar flame speed (15 targets)
in intervals of p5 = 1-50 bar, T5= 940-210K, and p =
1-60 bar, T0= 300K, correspond. The input
detailed mechanism with 41 species (including Ar, He and N2)
and 298 reactions has been reduced to the skeletal model with
24 species and 100 reactions. This kinetic mechanism is
applicable for simulations of a wide range of combustion
parameters.

I. INTRODUCTION
Within the last ten recent years, the propellant
combination LOX/CH4 has received considerable attraction
worldwide as a propellant combination for space propulsion
applications [1-5]. The advantages are numerous: a better
specific impulse than that of oxygen/kerosene, reduced cost
and complexity in in handling compared to hydrogen and
reduced requirements for turbomachinery. In Germany, this
propellant combination is investigated both experimentally
and numerically within the collaborative research center
TRR40 on Technological foundations for the design of
thermally and mechanically highly loaded components of
future space transportation systems [6-8]. Within this
project, specific effort is put on developing design tools for
thrust chambers which requires validated numerical tools for
the prediction of combustion and heat transfer in such
devices. In an effort to compare different numerical
approaches, a special workshop will be organized later this
year at the Technical University of Munich where teams
from all over the world which apply RANS, URANS, LES
and hybrid models will try to reproduce combustion
efficiency and heat transfer of a test case provided by one of
the TRR 40 projects [9]. Generally, different groups use not
only different approaches to handle fluid mechanics as
mentioned above, but also their way to treat combustion
differs substantially. In order to allow more detailed
comparisons of the applied numerical tools, a reduced
chemical kinetic scheme has been developed and will be
provided to the workshop participants. The extremely large
CPU times for CFD calculations with detailed chemical
mechanisms necessitate that the applied kinetic models must
be as simple as possible. However, any accurate modelling

of diffusion flames and in general combustion processes in
liquid propellant rocket engines are of this type requires that
the chemical model must be able to sufficiently describe
these combustion processes for a wide range of parameters:
propellant mixture, temperatures and pressures. Obviously,
such a reduced mechanism can be generated only on the
base of large number of different calculations, which
integrate the calculation of chemical processes (ignition
delays, flame speeds, concentration profiles in chemical
reactors) and sensitivity analyses of different model outputs
to the system parameters. The presented work results of
such a reduction of a methane (CH4) / oxygen (O2)
reaction mechanism reduction.
II. KINETIUC MODEL AND REDUCTION PROCEDURE
The input detailed mechanism is a part of the DLR
reaction data base [10], which was validated and
optimized on the different experimental data for the C1C16 hydrocarbons which present n-,i-paraffines,
naphthenes and aromatics. The divided CH4 sub-model
has 41 species (including Ar, He and N2) and 298
reactions.
The reduction strategy is based on the modeling and
sensitivity analyses of experimental points obtained under
different conditions. To construct a skeletal mechanism,
applicable for the CFD simulations of rocket combustion
chamber under pressure 20 bar, the selected experimental
targets for ignition delay times (65 points) cover the
interval parameters of p5 = 1-50 bar, T5= 940-210K,
forlaminar flame speed (15 targets) p = 1-60
bar, T0= 300K, 
The global sensitivity analysis implemented in the inhouse developed RedMaster code [11] has been applied to
reduce the basic mechanism to the skeletal one. RedMaster
code manages the calculation of chemical processes with
CHEMKIN code [12] and the calculation of sensitivity
coefficients with procedures from KINALC code [13].
The multi target reduction strategy realized in the
RedMaster code, Fig.1, allows determination and
elimination of unimportant species and reactions on the
basis of integrated information obtained from the
mechanism sensitivity analysis performed for ignition delay
time and laminar flame simulations at different time points
of the studied processes.
A species is considered redundant if its concentration
change has no significant effect on the production rate of
necessary species. The influence of a change of the

  ln Ri
Bj  

i   ln c j
p






2

, j=1,…,N

(1)

Bj yields the integrated effect of a change of the
concentration of species cj on the rate of production of
species i, Ri, from a group of p important species, i = 1, 2,
., p, N is a number of species. Number of p is changed
during iterative procedure. The number of primary
necessary species is given by the investigator based on first
results of the analysis. After each step n ( n = N-p) of the Bj
calculation only one species with the greatest value Bj is
added to the group of necessary and important species
(pn+1).
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Fig. 2. Number of unimportant reactions versus number of
experimental targets in consideration.
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Fig. 1. Principal scheme of the RedMaster code for the multi
target reaction mechanism reduction.
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After calculations of Bj , those species which have the
smallest value of Bj and were added to the main group at
the last iterations can be considered as redundant species.
In the present mechanism reduction process 11
species were nominated as primary necessary species H2,
CH4, OH, O, CO, O2, HO2, H, CO2, HCO, H2O2.
The contribution of reaction steps to the production rate is
based on the sensitivity of production rates to changes in
reaction rate coefficients. The effect of changing the
reaction rate coefficient k i on the rate of production of
species i, Ri, in a mechanism with N species is calculated as
the sum of squares of the overall normalized sensitivity
coefficient:
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coefficient of reaction i. A reaction i is considered
important if its coefficients Aj, calculated as the sum for all
species, e.g. N, are larger than a pre-defined threshold value
∆.
A reduction cycle has to be repeated several times until no
more species and reactions are found to be unimportant and
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concentration of species j on the rate of production of a pmembered group of important species i, are calculated as
the sum of squares of the overall normalized sensitivity
coefficient:
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Fig. 3. Modeling the laminar flame speed [14-17] with full and
reduced mechanism. a) p = 1bar; b) p = 20bar.
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Abstract—In order to model ignition processes accurately a
very detailed description of the chemical kinetics is needed.
Therefore, typical combustion mechanisms have become
impractically large and detailed during last few decades. The
problem of an optimal dimension (number of parameters to
consider) to model the ignition process has become very
important but is not answered yet in general case. In the
current work we discuss coordinate free approaches of model
reduction to access this problem. A combination of local
(ILDM based) and global (GQL based) characteristic time
scale analysis for mechanism reduction is outlined. Results
and methodology are benchmarked and illustrated by
considering rich and lean methane/air combustion systems.

I. INTRODUCTION
The question about actual number of degrees of freedom
(that corresponds to the number of equations to be solved)
exhibited by a reacting system is a very important and yet an
open question of model reduction (see e.g. [1-2]). This
question, however, cannot be answered in the general case.
It strictly depends on the phenomena under consideration
and on the appropriate level of accuracy required in the
application.
In engineering applications this problem leads to the
usage of very large, detailed mechanisms. Usually, these
have not only a very high dimension but are extremely stiff
and non-linear (see e.g. [3]). This is because recently the
mechanism development process mostly relies on
compilation of different detailed mechanisms and uses
mostly empirical generic roles [4,5].
However, it seems that (depending on the problem at
hand) it is not necessarily to describe the chemical kinetics
with such very high level of sophistication. This would
mean that reduced reaction mechanisms have to be devised
for any particular application maintaining the optimal
balance between the accuracy and complexity (in terms
dimensionality, non-linearity, functional simplicity etc.).
Several methods have been devised to support optimal
mechanisms development (constructing reduced models)
often by using different post-processing procedures [6]. For
example by implementing so-called sensitivity analyses and
analyzing the reaction paths species can be identified, which
are only by-products or reaction, i.e. which do not govern
the overall dynamics of the system. Therefore, they can be
excluded from the mechanism. In this way the so-called
skeletal mechanisms are developed (see e.g. [6] for details
and additional references).

Nowadays, efficient computational tools are available,
which perform this post processing automatically.
Depending on the level of simplification one can use them to
obtain either skeletal mechanisms or global mechanisms
(oversimplified mechanisms where several reaction steps are
used only).
In our opinion reduced models processed in this way have
a natural limit: There is no much hope to extend and
improve the performance of the existing reduced models if
one requires the relatively high accuracy for a wide range of
system parameters, and whenever one is at the same time
restricted to the original coordinate systems (i.e. if one tries
to formulate the reduced description by manipulating the
species and elementary reactions only). At some point, and
most investigators agree on that, no further reduction is
possible in this way without significant damage to the
overall mechanism performance. For instance, in
combustion of low hydrocarbons like methane the limit is
about 25-30 dimensions / species [3], i.e. ~30 parameters are
needed to be modeled to obtain reliable numerical results
with such mechanisms, for n-heptane the limit is about 3540 etc.
Hence, in order to overcome these limits, one has to
develop more comprehensive tools and mathematical
methods to handle this problem without being restricted to a
particular system representation. In the current work we
address this problem. The main emphasis of the study is
made on the estimation of number of real degrees of
freedom (i.e. reduced model dimension) to be accounted for
a reliable description of chemical kinetics in the ignition
problem.
II. ILDM AND GQL
A. Homogenous system - chemical kinetic source term
The equations of the system governing the chemical
reaction in homogeneously stirred reactor can be described
by the evolution of thermo-chemical state vector
   1 ,..., n T in time:

d
(1)
 F    S  R ,   Rn , n  ns  2 .
dt
where  j represents such quantities as the pressure of
the mixture - p , the enthalpy - h , i.e. two thermodynamic
quantities ( n  ns  2 ), and mixture composition (e.g. by
using specific mole numbers i  wi / Mi ). F represents
the chemical kinetics mechanism of ns chemical species
Zi

participating in nr elementary chemical reactions. Sns nr is





the stoichiometric matrix and R   R1 ,...,Rnr   T is
the vector of elementary reaction rates, which are highly
non-linear functions of certain type depending on
components of the system state vector [3]. The chemical
reaction source term (1) represents a composition of linear
with matrix S and non-linear (elementary reaction rate
functions R) mappings.
B. IDLM – local chatrachteristic time scale analysis
One of major breakthroughs in model reduction was the
development of local characteristic time scale analysis and
development of the manifold’s based model reduction
concept [7,8]. The problem of model reduction was
formulated by using the concept of decomposition of
motions and was based on coordinate invariant properties of
the vector field defined by the system of ODEs (1)
describing the mechanism of chemical kinetics. The
eigenvalues of the system’s Jacobian matrix are used to
estimate characteristic time scales while the corresponding
eignespaces are used to decompose the vector field and
define coordinate free representation of the Intrinsic LowDimensional Manifolds (ILDMs) [8]. The geometrically
invariant structure of the system Jacobian



J    dFi / d j

in, j 1

with respect to coordinate representation and the
invariance of the ILDM equation (with respect to the first
order correction to the manifold invariance condition) made
the ILDM approach robust and efficient tool for model
reduction. However, the strict dependence on the state of the
characteristic time scales (eigenvalues) and invariant
subspaces (eigenspaces) of the Jacobi matrix makes the
problem of definition of reduced model dimension very
difficult especially in the context of the ignition problem.
Typically, one has a situation that the so-called gap
condition [8,9] (time scale gap between the eigenvalues) is
not uniformly valid in the considered part of the system state
space.
C. GQL and coordinate free singular perturbations
The framework of Singularly Perturbed Vector Fields (see
[9] for more references and details) represents a coordinate
free generalization of the method of singular perturbations
[10]. It assumes that for any given problem there is suitable
(non-linear in general) frame of coordinates in which the
decomposition into so-called fast and slow motions can be
represented explicitly. In this respect fast relaxation
processes will be realized along the coordinates that can be
used to parameterize the so-called fast manifolds globally
(manifolds describing the fast system motions).
Accordingly, the Global Quasi-Linearization (GQL)
technique was emerged from the SPVF framework [9] as a
natural extension of the idea to use original variables as e.g.
QSSA, but now linear combinations are permitted (in the
line with the method briefly described in [11]). This
additional assumption about linearity (which, however,
should not be restricted to any original coordinate subspaces) of fast manifolds simplifies considerably the

application and analysis of the fast and slow manifolds and
the decomposition itself.
Thus, in current work we show how these two
complimentary methods can be combined to resolve the
question of optimal reduced model dimension. The local
analysis (ILDM) is used to estimate possible dimension (by
the gap condition [9]) and global analysis (GQL) is used to
verify it for a wide range of system parameters and
equivalence ratio. The methane/air rich and lean systems in
the auto-ignition problem are used to benchmark the
method. We also show how to identify most suitable linear
combinations of the original variables, which can be used to
identify the slow manifold and represent the decomposition
explicitly. Furthermore, it provides with the detailed
implementation scheme, allows us rigorous treatment of
reduced models and their systematic improvement.
III. SUMMARY
In this work, the problem of optimal reduced model
dimension is discussed. The coordinate free methodology to
deal with natural assumption of the existence of multiplescales and the decomposition of motions are in the focus of
the study.
Two complimentary coordinate invariant approaches
aiming at definition of the decomposition and of the
invariant manifold of fast/slow motions are discussed. The
suggested combination of the ILDM and GQL approximates
not only the slow system dynamics / manifolds, but the fast
system dynamics as well. It can be used to identify the
reduced model dimension globally and improve
considerably the model reduction of mechanisms without
significant damage to their overall performance.
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Abstract— In this work, we present an approach for the exploration of low-dimensional effective potential landscapes. Making
use of extrapolation in a low dimensional space of automatically
learned variables (i.e. Diffusion Maps - DMAPs - variables) and
machine learning schemes (e.g. Geometric Harmonics - GH) for
lifting the new points into the ambient space, the described
method enables to escape from local potential wells towards
new minima. A simple three-dimensional stochastic differential
equation system with a non-linear two-dimensional attractive
manifold is considered for illustration purposes.

I. I NTRODUCTION
The dynamics of complex systems may be driven by
the gradient of an energy function, so that major events in
the behavior of the system can be as follows: i) trapping
into deep energy wells; ii) transition between two minima
passing through a saddle point owing to thermal agitation. A
prototypical example of this kind of behavior is provided by
proteins, whose configuration is often trapped into one of the
local free-energy minima. Hence, when studying proteins, it
is very important to identify all the relevant features of the
free-energy landscape including the main energy wells, saddle
points and minimum energy paths (MEPs) between nearby
minima passing through the saddles. In general, molecular
dynamics and Monte Carlo simulations are very inefficient
tools for the exploration of the potential energy landscape
owing to the fact that most of the computational time is spent
in jiggling at the bottom of local minima. As a matter of facts,
the energy barriers between minima mainly cause a trapping
of the system configuration with transitions being pretty rare
events. A plethora of methods have been suggested in the
published literature for overcoming this issue [1], [2]. Here,
following the equation free approach [3], we propose a new
method capable to perform macroscopic tasks by properly
initializing and using microscopic simulators.
II. T HE EXPLORATION APPROACH
Starting form an arbitrary initial condition, a system of
stochastic differential equations (SDEs) is let run for a sufficiently long time such that the solution trajectory gets into
one of the potential wells. Upon removal of the early part,
the remaining trajectory is composed by an initial point cloud
sampling the potential well bottom.
Diffusion maps (DMAPs) can be used to extract a suitable
low-dimensional parameterization of the latter point cloud
(two-dimensional in the example of Fig. 1). An automatic

Fig. 1. (Color online) Two-dimensional attractive manifold. The color map
refers to the value of a potential U and it clearly indicates that two wells
are presents. An arbitrary solution trajectory will end in one of the two wells
after a sufficiently long simulation time.

algorithm is needed for detecting the edge of the available point cloud. To this end, a few approaches have been
suggested in the literature (see, e.g., the ball pivoting in
[4]). For our purposes, we have formulated a simple enough
procedure based on the notion of maximum open angle [5].
In general, the aforementioned procedure can be applied
to both the physical (or ambient) and DMAPs space. For
simplicity, in the following, we employ the algorithm to
identify the cloud edge points directly in the DMAPs space
(two-dimensional). Results (in DMAPs space) are shown on
the right column of Fig. 2 by red circles. Upon detection of
the entire edge (and provided that DMAPs do not provide
an ill-posed parameterization [6]), boundary points can be
safely extrapolated outwards in the DMAPs space. The green
crosses on the right-hand side of Fig. 2 denote the extended
boundary points at a fixed step of the suggested procedure.
For obtaining a sufficiently uniform sampling of the extended
boundary, the latter points (i.e. green crosses) are ordered and
finely redistributed along the perimeter of the corresponding
convex hull (using the readily available routine in Matlab:
convhull). The reported one is just a possible implementation
of the redistribution step, and more sophisticated algorithms
may be also safely adopted.
The above operations provide us with a set of points in the
two-dimensional DMAPs space and the final result is shown
in the right-hand side of Fig. 2 by blue dots. However, the goal
here is to re-initialize the detailed stochastic simulator in the
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Fig. 2.
An intermediate step of the suggested procedure for a threedimensional stochastic system with a two-dimensional attracting manifold.
On the left-hand side, the point cloud in physical (or ambient) space
is reported whereas, on the right-hand side, the corresponding DMAPs
parameterization of the explored region is shown (conveniently re-normalized
so that the DMAPs variables: 0 < ξ1 < 1 and 0 < ξ2 < 1). Boundary
points of the sample cloud (circles on the right-hand side) are automatically
detected and outwardly extrapolated (crosses on the right-hand side) in the
DMAPs space. A regular redistribution of the new extrapolated points is
also performed by uniformly discretizing the perimeter of the convex hull
containing the extrapolated points (see dots on the right-hand side). The
redistributed points are finally lifted into the physical space, thus obtaining
the new initial conditions to restart the process (see dots on left-hand side).

three-dimensional physical space, thus letting the available
point cloud to invade larger portions of the phase-space
towards possible unknown potential wells. Hence, relying
upon the DMAPs parameterization, the redistributed extended
boundary points can be lifted into the original full space by
adopting a proper machine learning algorithm. Specifically,
in our simulations, we utilized a local form of the geometric
harmonics (GH) algorithm as discussed in [7], [8].
Thus, using the GH algorithm, the extended boundary is
lifted in the three-dimensional space. Once the latter points
are available, the process can restart by running the detailed
simulator from the initial conditions indicated in the left-hand
side of Fig. 2. Typically, after adding the new samples (i.e.
trajectories starting from the lifted extended boundary initial
conditions) to the previous point cloud, a pruning step is
also performed, where only points sufficiently distant from
their nearest neighbors are retained. This step ensures that
the region of interest in the phase-space is sampled using a
minimal number of points with fairly uniform point density.
III. C ONCLUSIONS
Within the general framework of the equation free approach, we propose a new approach for the exploration of lowdimensional effective potential landscapes, as those occurring
in stochastic simulators (e.g. molecular dynamics). By properly extrapolating along automatically learned coordinates
(diffusion coordinates), it is possible to reach unexplored regions of the phase-space thus possibly discovering new energy
minima (or minimum energy paths) of physical relevance.
In general, the above procedure can be combined with a
procedure for saddle point detection so that, when the latter
event occurs, the system can be easily led into the new local
minima and the process re-initialized from there.
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Abstract— Using the G-Scheme, we have developed a specific
procedure to generate simplified mechanisms for chemical kinetics processes, to analyze them in order to understand the
role of the most important reactions, and to identify the most
important reactions paths of the processes. The procedure is
based on participation indices specifically created for a GScheme generated database. The effectiveness of the procedure
is demonstrated by applying it to auto-ignition problems for
homogeneous hydrocarbon/air mixtures.

of the order of the time scale of the fastest mode in this
subspace. The contributions of the slow and fast subspaces are
evaluated using asymptotic corrections. The time evolution of
the species provides the data base used for the analysis and
simplification procedure.
In the G-Scheme we modify the CSP Participation Index
[2] to define the G-Scheme Participation Index (GPI) [3] of
the k-th reaction relative to the dynamics of subspace s:1

I. I NTRODUCTION
Detailed chemical reactions mechanisms involve a large
number of species and reactions. The use of a simplified
kinetic model is a common simplification in reactive flow
computations, although it may introduce significant errors in
subsequent simulations. As an example, phenomenological
models such as one- and two-step reactions are not able to
capture all relevant dynamics inherent in the full mechanism,
so that the simulations are only qualitatively representative of
the physical phenomena. However, inclusion of even moderately complex detailed chemistry in the numerical simulation
of reactive flows makes the computational cost extremely difficult to afford. Currently there are several methods employed
to reduce the CPU time and the memory overhead required to
solve reactive flows with detailed kinetics. This is achieved by
reducing the number of species and reactions in the detailed
mechanism and at the same time decreasing the stiffness of
the system.
II. G-S CHEME - BASED A NALYSIS M ETHODOLOGY
The G-Scheme [1] is a time accurate computational tool
that exploits, adaptively, opportunities for reduction from the
presence of fast/active and slow/active spectral gaps. The
characterization of the local structure (of the tangent space) of
the subspaces associated with the slow, active, and fast scales
can be of great significance in the analysis of the dynamics
with the aim of obtaining a low-dimensional description. The
specific features of the G-Scheme provide a time-scale-aware
sensitivity analysis of the problem, which might be used to
simplify/reduce/understand the problem at hand.
The G-Scheme decomposes the space in 4 subspaces according to the time scale of each mode: the active subspace
A contains all the active scales, the subspaces H contains all
scales slower than the active ones, while faster scales are in
the subspace T, and lastly, the invariant subspace E containing
the invariant modes. The active and the slow/fast modes are
projected on the invariant subspace. Subsequently, only the
active subspace is numerically integrated using as time step

Ns,e

X
cs (x) =
P
k

Cki (x)rk (x)

i=Ns,b

(1)

Ns,e
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X X
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0

|Cki 0 (x)rk (x)|
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with
Cki = bi (x) · Sk ,

(2)

where R = 2Nr , Nr being the number of reversible reactions,
bi the contravariant basis vector, Sk the stoichiometric vector,
and rk the rate associated with the k-th reaction. Note that
0 < Pki (x) < 1. Equation (1) provides a measure of the
contribution of the k-th reaction to the subspace s normalized
by the contribution of all reactions in the same subspace. In
other words, the GPI provides a criterion to identify if the
k-th reaction is active, slow, fast, or as negligible if it doesn’t
have a relevant value in any of the subspaces. The concept
of an important reaction is not an inherent property of the
reaction but a function of the local state.
We can rank the reactions according to the maximum value
cs in a time interval considered as follows:
of P
k


s
cs (x)| .
P k = max |P
(3)
k
tb <t<te

This choice is more conservative than the time-weighted
averages of the index along the trajectory. Equation (3)
provides a value that summarizes all the information given
by (1). By identifying the maximum value of the participation
index calculated for any reaction along the process, we obtain
an objective measure of the importance of the reaction for the
analyzed problem.
Based on (3), we can create a very simple iterative procedure to obtain a simplified mechanism that satisfies objective
criteria defined by the analyst.
1 The index s = h/a/t identifies one of the three subspaces as follows: h
for H, a for A, and t for T.

In this study we choose the error in the equilibrium
temperature and ignition time as criteria, defined as:
errT =

Tf,s − Tf,c
Tf,c

and errt =

te,s − te,c
,
te,c

(4)

where Tf,s and Tf,c are the equilibrium temperatures for the
simplified and complete mechanisms respectively, while te,s
and te,c are the ignition times for the simplified and complete
mechanisms respectively.
III. H YDROCARBON I GNITION
In a homogeneous chain-branched explosion, it is possible
to identify a short period, the explosive stage, in which most
of the chemical heat is released. Before this occurs, two
other stages are noted: in the first, the initiation stage, the
change of state is very slow, while in the second, the chainbranching stage, there is a rapid increase in the chain-carrier
species concentration. The explosive stage itself is followed
by the termination stage, where stable species are ultimately
produced.
The explosive stage is characterized by a very short time
scale, with the dynamics controlled by a pair of real distinct
positive eigenvalues. During this period these two eigenvalues,
of decreasing magnitude, are responsible for the increase in
the chain-carrier species (and a decrease of the associated
time scales) until they merge to form a pair of complex
conjugate eigenvalues with positive, and still decreasing, real
parts. Eventually, their real parts become negative and the
imaginary parts reduce to zero and thus, subsequently, become
a pair of real distinct negative eigenvalues.
In this work, we analyze and construct simplified mechanisms on the basis of the information extracted from the
numerical solution of the ignition process by using the GScheme solver. Applying the G-Scheme analysis to the four
stages allows us to identify a simplified mechanism that
reproduces the complete combustion process.
Simplified mechanisms for hydrogen, methane, propane,
and n-heptane is obtained by taking the union of all the
reactions that have a value of the GPI above a selected
threshold in at least one G-Scheme subspace. The accuracy
of the reduced mechanism depends on the selected GPI
threshold: increasing the threshold decreases the number of
reactions in the skeletal mechanism and also decreases the
accuracy of the results. However, above a certain threshold
the skeletal mechanism is not able to reproduce the explosion.
Therefore, we will look for the threshold value corresponding
to the smallest skeletal set of reactions able to reproduce
the explosion stage within the given error tolerance. These
simplified mechanisms are shown to be robust with respect
to different initial conditions.
By applying the same analysis focused at the explosion
stage only, it is possible to identify the species and reactions that play crucial roles in the explosion process. Such
analysis allows us to obtain a much smaller skeletal kinetics
mechanism that reproduces the explosion process, which is a
subset of the respective global simplified mechanism, formed

by reactions that play the most important role in the burning
of the mixture.
We emphasize the fact that in all cases studied we have
found two eigenvalues with positive real parts that are key
to the evolution described above. The modes associated with
these eigenvalues are the explosive modes, they drive the
evolution of the species and they provide the time scale of the
process. We evaluate the GPI only for the modes associated
with the positive eigenvalues to determine a subset of reactions that form the skeletal mechanism of the explosion stage.
This set of reactions is contained in the skeletal mechanism
for the explosive stage and are the reactions that drive the
ignition process.
Lastly, we note that for n-heptane, in the case of a low
initial temperature, two explosions occur. In this case we are
able to identify a skeletal mechanism for each explosion stage.
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Abstract—A correlated dynamic adaptive chemistry and
transport (CO-DACT) method is developed based on our
previous correlated dynamic adaptive chemistry (CO-DAC)
method to further improve the computational efficiency of the
transport coefficients such as the mass diffusivities, heat
conductivities, and viscosities. The concept of the correlated
groups in both time and space coordinates for chemistry and
transport is proposed by using a few key phase parameters
which dominate the chemistry pathways and transport
coefficients. Correlated reduced chemistry and transport
coefficients are updated dynamically by specifying different
threshold values of phase parameters of correlated groups. For
transport, the mixture averaged diffusion model is applied to
calculate the transport coefficients based on the correlated
groups. Only one calculation of the transport coefficients is
required for all the computation cells in the same correlated
group. The advantages of the CO-DACT method are that it not
only provides the flexibility and accuracy for the calculation of
chemistry and transport coefficients for a large kinetic
mechanism but also avoids redundant calculations in time and
space when the chemistry pathways and the transport
coefficients are correlated due to the similarities in phase space.
The simulations of premixed propagating spherical flames as
well as one-dimensional diffusion flames of a jet surrogate fuel
are carried out to validate the proposed algorithm. The impact
of the selection of the phase parameters as well as the influence
of the threshold value at various pressures and equivalent ratios
will be examined in this paper. The results show that the present
CO-DACT method is not only computationally efficient (faster
by two-orders of magnitudes) but also robust and accurate for
large kinetic mechanisms.

I. INTRODUCTION
On the fly model reduction and calculations of transport
properties for a large kinetic mechanism on every
computational grid and time step are computationally
expensive. Recognizing that similar reaction pathways and
transport processes often occur repetitively at different
locations and time steps in the entire computation domain, we
propose a correlated dynamic adaptive chemistry and
transport (CO-DACT) model reduction method to drastically
improve the computation efficiency by introducing a concept
of the correlated reaction pathways and transport processes
and avoiding redundant calculations of model reduction and
transport properties in the entire computation domain.

II. METHOD AND RESULTS
The basic idea of the CO-DACT method is schematically
shown in Figure 1. The time and space correlations of
reaction pathways and transport processes are examined
between different time steps and computation cells by using
a pre-specified phase parameter set. If the variation of the
phase parameters are within a small threshold, a single
reduced reaction model and one set of linearly extrapolated
transport properties will be used for all correlated cells.
Otherwise, a new reduced reaction model and transport
property set will be locally generated.

Fig. 1 Schematic of time and space correlations in chemistry
and transport. Black cells are time correlation and red, blue
and green cells are space correlation groups.
The CO-DACT method is integrated with hybrid multitimescale (HMTS) method for efficient chemistry integration.
The resulting HMTS/CO-DACT method is compared with
HMTS and HMTS/DAC [1], respectively, for calculating
ignition and a premixed spherical propagating flame with a
jet fuel surrogate model (with 425 species and 2275 reactions)
[2].
The premixed spherical flame is ignited at the center of the
domain by a hot spot with 2000 K and 2 mm radius. The
initial temperature, pressure and equivalence ratio of the
homogeneous jet fuel surrogate mixture are 300 K, 10 atm
and 1.0, respectively. The domain size is 5 cm with

transmissive outer boundary condition. Figure 2 shows the
time-dependent outwardly propagating spherical flame
trajectories calculated by CO-DAC method and CO-DACT
method. It is seen that the present CO-DACT method shows
excellent agreement compared with the CO-DAC method.
The largest relative error in flame trajectory is less than 0.5%,
which is far below the experimental accuracy of flame speed
measurements.

transport properties, diffusion flux, and convection flux,
respectively. The black section is the CPU time for solving
the chemistry. This figure clearly shows that compared with
the original HMTS method for chemistry integration, the
HMTS/CO-DAC model can accelerate the reaction
calculation by a factor of 2 via on the fly model reduction.
However, the time required for transport properties remains
unchanged and is the most time consuming process. The
present HMTS/CO-DACT method can dramatically reduce
the CPU time for transport properties and increases the
overall computation efficiency compared with the original
HMTS methods.

Fig. 2 Flame trajectories of stoichiometric jet fuel surrogate
mixture at 10 atm and 300 K.
Figure 3 shows the predicted flame structure of the
temperature and major species of the spherical flame at the
physical flame propagation time of t = 4 ms. The distributions
of temperature and major species O2 and H2O are calculated
and compared between CO-DAC and CO-DACT methods.
The flame is located around the location X = 1.25 cm. It is
seen that the CO-DACT method is accurate and agrees very
well with the CO-DAC method for all the regions including
burned region, unburned region and flame surface. Compared
with the flame surface location (i.e., the flame speed), the
relative error in space is only 0.3%. The excellent agreement
demonstrates that the CO-DACT method is good enough to
capture the major flame properties, including temperature and
major species distributions and the flame speed.

Fig. 4 Total CPU time comparisons between different
methods for chemistry, convective flux, diffusion flux, and
transport properties at 7 ms of spherical flame propagation.
III. CONCLUSION
The A computationally efficient, correlated dynamic
adaptive chemistry and transport (CO-DACT) method is
developed for combustion simulations using a large detailed
chemistry and transport model. The results showed that the
CO-DACT method is accurate and computationally
efficient. In flame calculations, the present CO-DACT
method is about more than 200 times faster than the original
mixture-averaged diffusion model for computing the
transport properties. The relative error in flame speed is
linearly dependent on the threshold value for constructing
the phase space.
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Abstract—Flamelet Generated Manifolds (FGM) has been
extended to account for preferential diffusion effects and
autoignition. Such development is made in order to study
stabilization mechanism of turbulent lifted CH4/H2 flames of
the Delft JHC burner. In this burner, methane based fuel has
been enriched from 0 to 25% of H2. The main stabilization
mechanism of these turbulent flames is autoignition based on
the formation of ignition kernels which is very challenging to
model. Addition of hydrogen makes the modeling even more
challenging due to preferential diffusion effects. The proposed
FGM model is implemented in DNS of unsteady mixing layer
and LES of lifted jet flames. It is revealed that the proposed
model has the capability to accurately predict main features of
CH4/H2 turbulent flames.

INTRODUCTION
Combustion devices are often optimized in order to
increase thermal efficiency and reduce pollutant emissions
such as carbon monoxide (CO) and nitrogen oxides (NOx).
For these purposes, strategies have been developed which
deploy autoignition of a fuel jet emerging in a preheated and
diluted oxidizer stream. This is often called Mild
combustion which usually yields flameless oxidation [1]. In
the laboratory scale Mild burners (JHC burners),
stabilization of reaction zone is very often occurred by
autoignition. This requires sophisticated models which are
able to predict complex autoignition events. Since these
autoignition events are typically initiated at very small
mixture fractions due to an intense dilution of oxidizer
stream, turbulent structures in the fuel stream can hardly
intrude these ignition events. This induces that influence of
molecular diffusion on autoignition is comparable to that of
turbulence transport (eddy viscosity). In this condition,
addition of H2 to fuel makes molecular diffusion and
preferential diffusion effects increasingly important.
In this study, a novel flamelet model so-called Igniting
Mixing Layer (IML) flamelet is proposed in order to predict
preferential diffusion effects in autoigniting flames. IML
flamelets are basically similar to the commonly used onedimensional Igniting Counter-Flow diffusion flamelets (ICF
flamelets) with a notable distinction in the initial condition.
In ICF flamelets, a steady-state molecular mixing field is
assumed between the fuel and oxidizer stream with frozen
chemistry (
0). This situation implies that a steady-state
mixing field is reached before any chemical reaction takes
place. This assumption is mainly valid if the time scale of
mixing is much shorter than the chemical time scales.
However, such an assumption might lead to unrealistic

predictions if molecular diffusion terms are comparable in
size to the chemical source terms (for example in CH4/H2
mixtures). In this case, molecular diffusion has a large
influence on autoignition time scales.
In IML flamelets, in contrast to ICF flamelets, fuel and
oxidizer streams are initially unmixed. This unmixed profile
permits us to include preferential diffusion effects in the preignition stage. In this situation, the initial thermo-chemical
properties have a step-function profile in physical space.
Their values are equal to the fuel boundary on one side of
the domain and equal to the oxidizer boundary at the other
side. Due to the steep gradient of mixture fraction at the
interface, the scalar dissipation rate χ = 2D (∂Z/∂x)^2 is very
large at this point. During the molecular mixing process, the
scalar dissipation rate decreases and chemical reactions may
start at any time during the mixing process. In IML
flamelets, the gradient of mixture fraction is not enforced by
an inflow momentum (i.e. an applied strain). However, it is
governed purely by molecular diffusion. In the absence of an
applied strain, the species mass fractions and temperature
approach chemical equilibrium for infinite time. More
detailed information on IML flamelets can be found in [2-4].
RESULTS
A quantitative comparison of the autoignition time scales
between the ICF flamelets and IML flamelets is shown in
Fig. 1. ∆T represents the maximum temperature rise in
mixture fraction ζ space:
∆T (t) = max (T (ζ, t) − T (ζ, 0 ))
(1)
The evolution of ∆T is shown in Fig. 1a for IML flamelets
which are computed by using transport models Lei = 1 and
Lei = ci. It is observed that the autoignition time scale of the
IML flamelets decreases significantly by inclusion of
preferential diffusion effects for the Case D25H2. In ICF
flamelets, it is possible to use different transport models for
the initial profile (t = 0 s) and its time evolution (t > 0 s).
This means that Lei = ci transport can be used to generate the
initial condition (IC:Lei = ci) while Lei = 1 is used to
compute the evolution from such an initial condition and
vice versa. Assuming unity Lewis numbers for the
computation of the initial condition leads to linear profiles
of Yi in mixture fraction space, which were used in some
previous studies. Fig. 1b shows that the autoignition delay
time of the ICF flamelets depends solely on the assumed
transport model for initial conditions regardless of the
transport model used to compute the flamelets. When Lei =
ci transport is used to generate the initial condition for the
ICF flamelets, using both transport models in the actual

simulation results in the same autoignition time scale. The
same trend can be observed when unity Lewis numbers are
used to compute the initial condition (IC:Lei = 1).
The most accurate FGM model in which preferential
diffusion effects are included both in flamelets and transport
equations for controlling variables (FGM C model) is
assessed in an unsteady mixing layer where there is
interaction of flow field with chemistry. For this purpose,
Direct Numerical Simulation (DNS) has been carried out in
an unsteady mixing layer configuration. These mixing layers
resemble conditions of JHC burners downstream of the fuel
injection point where the fuel stream mixes and ignites in
the hot coflow stream.
Comparison of the temperature rise ∆T obtained from
detailed chemistry and the FGM C model is shown in Fig. 2.
In the simulations with the FGM C model, three different
manifolds are created and used which are either based on
IML flamelets (IML manifold) or ICF flamelets (ICF
manifold) with a = 100 s−1 and 500 s−1 . These three
manifolds are implemented in the FGM C model to compare
predictions of the IML manifold with those of the widelyused ICF manifold. It is observed that the IML methodology
can predict autoignition time scales more accurate compared
to the ICF method.
Fig. 3 shows instantaneous snapshots of the filtered YOH
which is obtained from the LES of Case D00H2 with
FGM.C model. It is observed that at t = 96 ms, a kernel is
formed at approximately Z = 200 mm. Subsequently, this
kernel grows and convects downstream at t = 100 ms and t =
104 ms. This mechanism, which is repeated in subsequent

Fig. 3. Computed instantaneous snapshots of YOH using FGM C model for
Case D00H2. Blue lines indicate stoichiometric mixture fraction ζst.

times, governs stabilization of the flame. At far downstream
location, these kernels further grow and ignite the
surrounding mixture. It is apparent that this flame is
stabilized by autoignition in which ignition kernels are
formed, grow and convect downstream corresponding to
experimental observations by Artega et al. [5].
CONCLUSIONS
The IML methodology has been introduced to account for
preferential diffusion effects and autoignition. First, this
method has been assessed and validated in the DNS of
unsteady mixing layer. Afterwards, it has been implemented
within LES of lifted jet flames. It is revealed that the
proposed model has the capability to accurately predict
autoignition and stabilization mechanism of CH4/H2
turbulent flames.
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Fig. 1. Temperature rise ∆T computed using detailed chemistry and
different transport models for (a) IML flamelets and (b) ICF flamelets. In
fig. (b), different transport models have been used to compute the initial
condition (IC) for the ICF flamelets. Case D25H2.
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Abstract— The case of the homogeneous autoignition of
CH4 /air mixtures is considered and the effects of addition of
the stable intermediates CH2 O and H2 O2 in the initial fuel are
explored. These two species are identified as those relating the
most to the explosive mode that causes autoignition, throughout
the largest part of the ignition delay. It is shown that the addition
of small amounts of these species in the initial mixture can
produce significant changes in the ignition characteristics.

I. I NTRODUCTION
Novel low temperature internal combustion engine concepts, like HCCI and RCCI, move towards designs that
emphasize more strongly the control of the real time history of
combustion through chemistry, in order to increase efficiency
and reduce emissions [1]. Such concepts hold the promise
of significantly improved efficiency and reduced emissions
without the need for after treatment. Main obstacles in realizing the potential benefit from these concepts are the ability to
optimize ignition and burning rate timing. The effectiveness of
blending two or more fuels on phasing control was addressed
in numerous experimental and numerical studies (see [1], [2]
and [3] and the reference therein).
It becomes apparent that in view of the new engine technologies and fuels we need to understand how to identify and
then integrate in the fuel the proper components in order to
reach the optimal combustion behavior. To the best of our
knowledge, all current attempts are based on a trial and error
approach of trying different blends. In this work a methodology based on the tools provided by the Computational
Singular Perturbation (CSP) algorithm is proposed to identify
candidate additives in order to enhance the autoignition of
a stoichiometric methane/air mixture. The analysis continues
the work reported in Refs. [4] and [5].
The adiabatic autoignition of a homogeneous stoichiometric
methane/air mixture is considered at constant volume. The
chemical kinetics mechanism employed here is the v.3.0
GRI mechanism, consisting of N = 53 species and K =
325 elementary reactions. The reactions and species that
promote or oppose autoignition will be identified using CSP
tools; the time scale participation Index (TPI) and the Pointer
(Po), which identify the reactions and variables related to a
particular mode. This information will then form the basis

for the selection, among the various intermediates, of the
additives that can control effectively the ignition delay.
II. R ESULTS
The reactions that promote or oppose the autoignition of a
CH4 /air mixture in the case of p0 = 4 MPa, T0 = 900K, φ =
1 are listed in Table I. These reactions were identified with
TPI as those being responsible the most for the generation of
the fastest explosive time scale, say τe,f , that characterizes
the dynamics of the system and is among the fastest of the
reduced model that applies in this case.
TABLE I
T HE REACTIONS EXHIBITING THE LARGEST TPI S FOR THE FAST
EXPLOSIVE TIME SCALE τe,f .
(32f)
( 38f)
(52f)
(84)
(85b)
(89)
(99f)
(115f)
(116f)
(119f)
(121f)
(155f)
(156f)
(157)
(158f)
(161f)
(287f)

O2 + CH2 O → HO2 + HCO
H + O2 → O + OH
H + CH3 (+M ) → CH4 (+M )
OH + H2 ↔ H + H2 O
2OH(+M ) ← H2 O2 (+M )
OH + H2 O2 ↔ HO2 + H2 O
OH + CO → H + CO2
2HO2 → O2 + H2 O2
2HO2 → O2 + H2 O2
HO2 + CH3 → OH + CH3 O
HO2 + CH2 O → HCO + H2 O2
CH3 + O2 → O + CH3 O
CH3 + O2 → OH + CH2 O
CH3 + H2 O2 ↔ HO2 + CH4
2CH3 (+M ) → C2 H6 (+M )
CH3 + CH2 O → HCO + CH4
OH + HO2 → O2 + H2 O

The set of reactions in Table I was constructed by identifying the reactions contributing the most to the generation of τe,f at various points along the ignition delay time
tign =0.1632 s. The reactions contributing the most to τe,f at
eight points between t = 0 and t = tign are listed in Table II,
along with the variables related the most to the corresponding
fast explosive mode.
It is shown in Table II that the species relating the longest
to the explosive mode are CH2 O and H2 O2 . When using
these species as additives to methane, Table III shows that
they produce by far the largest change in the value of

TABLE II
T HE LARGEST TPI AND P OINTER INDICES FOR THE FAST EXPLOSIVE MODE , IN THE CASE p0 = 4 MPA , T0 = 900K, φ = 1; NUMBERS IN PARENTHESIS
DENOTE POWER OF TEN .

t1 =0.000(0)
τe,f =3.11(-3)
158f :
155f :
157b :
85b :
32f :

-0.47
+0.33
+0.07
+0.05
+0.04

CH3 : +0.70
HO2 : +0.13
H2 O2 : +0.09

t2 =2.023(-3)
τe,f =2.59(-2)
158f :
32f :
156f :
155f :
119f :

-0.37
+0.19
+0.15
+0.12
+0.05

CH2 O : +0.76
H2 O2 : +0.15
HO2 : +0.06

R EACTIONS INVOLVING H/O CHEMISTRY ARE INDICATED BY BOLD NUMBERS . tign =1.632(-1) S .
t3 =5.002(-2)
τe,f =3.76(-2)
119f :
32f :
158f :
161f :
156f :

+0.21
+0.18
-0.17
+0.07
+0.06

CH2 O : +0.85
H2 O2 : +0.10
HO2 : +0.03

t4 =1.0001(-1)
τe,f =2.73(-2)
119f :
158f :
32f :
116f :
161f :

+0.21
-0.13
+0.12
-0.08
+0.08

CH2 O : +0.77
H2 O2 : +0.16
T : +0.04

t5 =1.5003(-1)
τe,f =8.62(-3)
TPI
119f : +0.23
85b : +0.14
121f : +0.12
116f : -0.12
158f : -0.09
Po
H2 O2 : +0.38
CH2 O : +0.36
T : +0.24

t6 =1.631990(-1)
τe,f =5.49(-7)
38f :
52f :
89b :
287f :
84f :

+0.14
-0.08
+0.07
-0.05
+0.05

T : +0.95
O2 : - 0.15
CH4 : +0.11

t7 =1.631994(-1)
τe,f =2.15(-7)
38f :
84f :
287f :
89b :
84b :

+0.19
+0.08
-0.07
+0.07
-0.06

T : +1.49
O2 : - 0.42
HO : +0.13

t8 =1.631995(-1)
τe,f =4.48(-7)
38f :
99f :
287f :
84b :
84f :

+0.18
+0.12
-0.07
-0.06
+0.06

T : +3.52
O2 : - 1.08
CO2 : - 0.87

Fig. 1. The evolution of τe,f in the cases of no additives, 1% CH2 O and 1% H2 O2 ; p0 = 4 MPa, T0 = 900 K and φ = 1. Black lines denote the time
scales computed on the basis of the species and energy equations, while red lines denote the time scales computed on the basis of the species equation.

TABLE III
T HE % CHANGE OF IGNITION DELAY τign IN THE CASE WHERE THE
NUMBER OF MOLES OF THE FUEL CONSIST BY 99% OF METHANE AND BY
1% OF A STABLE INTERMEDIATE , RELATIVE TO τign IN THE CASE OF THE
PURE FUEL .

CH2 O
HCCOH
C2 H4

-84.9 %
0.4 %
-35.6 %

H2 O2
C3 H8
C2 H2

-95.4 %
-0.7 %
-4.1 %

H2
C2 H6

-40.3 %
-33.8 %

tign . When acting as additives, other stable intermediates
produced significantly smaller changes to tign .
In order to investigate the cause of this significant influence
of CH2 O and H2 O2 , when present by a small amount in
the initial mixture, the fast explosive time scale τe,f was
computed when taking into account the temperature equation
and when ignoring it. In the chemical runaway regime these
two time scales must be close to each other, while in the
thermal runaway regime they deviate considerably.
The results shown in Fig. 1 demonstrate that the presence of
CH2 O and H2 O2 in the initial mixture reduces considerably
the chemical runaway regime. As a result, in the presence
of the two additives the process enters the thermal runaway
regime faster, so that the steep temperature increase that is
generated there [5], [6] causes the mixture to ignite faster. It
can be shown that the addition of CH2 O and H2 O2 activates
specific reactions involving these species as reactants from
the beginning of the autoignition process, which were not as

influential towards the generation of τe,f in the case were
these two species were not present in the initial mixture.
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Abstract—The method of reaction-diffusion manifolds
(REDIMs) presents a very attractive and efficient tool for
model reduction of reacting flows. The method is designed to
take into account and employ the information both about
detailed chemical kinetics and about molecular transport. The
method uses attracting low-dimensional manifolds defined in
the composition state space of a reacting flow system. In the
current work spatial dependence of the REDIM manifold is
studied. The problems of identifying a suitable manifold
dimension, devising conditions for the evolution of the
boundary and estimating the gradients are discussed in detail.

I. INTRODUCTION
Reacting flows are governed by a complex interplay of
chemical reaction, flow, and molecular transport. They can
be described mathematically based on conservation
equations for mass, momentum, energy, and species masses.
In the vector form the system comprises the chemical source
term, the advection and the diffusion terms correspondingly:


1
 F    v grad  div D  grad  .
(1)
t


The system state vector   h, p, w1 / M1 ,...,wns / Mns  is a
vector of ( n  ns  2 ) dimensions composed of the
thermodynamic and of the composition
space [1]. F is the

chemical reaction source term, v is d-dimensional velocity
vector,  is the density and D is the matrix of diffusion
coefficients.
One major problem of (1) is that the description of
chemically reacting systems leads very often to reaction
mechanisms with far above hundred chemical species (and,
therefore, to more than a hundred partial differential
equations ns ~ O(100 ) ). These kinetic processes cover time
scales from nanoseconds to seconds. An analogous scaling
problem arises for the length scales. The scales of technical
systems may be several meters, and on the other hand,
typical reaction zones or small turbulent structures have
length scales of the order of millimeters. Due to these
scaling problems, the system of partial differential equations
(1) represents a highly stiff system. Thus, the detailed
simulation of three-dimensional turbulent flows in practical
systems is beyond the capacity of even today’s
supercomputers. Because the use of simplified sub-models
is the only way out of this problem the interest in automatic
approaches that reduce the dimension and complexity of the
system without quantitative loss of the accuracy has
increased over the last decades [2-6].

II. PROBLEM STATEMENT AND TOY EXAMPLE
In general, efficient methods to simplify the description of
the chemical kinetics answering the question above can be
devised if one makes use of the fact that
 not the whole composition space (spanned by e.g. the
large number of species concentrations) is actually
accessed; and
 the dynamics is confined to low-dimensional
manifolds in composition space.
The problem of model reduction reduces then to the
problem of definition of such manifolds which describes the
evolution of the detailed system in the physical space
by/through the parameters of the manifold only. Therefore,
the dependence of the manifold on space represents a very
important and not yet sufficiently investigated topic of
model reduction. In order to attack this problem let us
investigate
first
the
evolution
of
a
reaction/convection/diffusion system. In a general ddimensional flow the thermo-kinetic state  is a unique
function of the d-dimensional vector r of spatial coordinates
and the time t:
   r, t  .
Note that this unique mapping defines at a certain initial
time t  t 0 a manifold in composition space (in order to
simplify the treatment we assume that complex topological
structure can be split into piecewise defined manifolds).
These manifolds have the following properties:
 they have a maximum dimension of 3 ( d  3 three
spatial coordinates),
 the mapping is not injective (the same state vector
can be found at different spatial locations,
 boundaries in the physical space do not need to
correspond to boundaries in composition space.
This can be visualized by a simple3D toy system ( n  3 ) in
an artificial two-dimensional ( d  2 ) physical space

 sin 2x sin 2y  


 x, y; t0   
y
, x  0,1, y  0,1 . (2)
 sin 2x  cos2y 


This system is plotted in physical space (Fig.1, left) and
composition space (Fig. 1, right). This simple example
shows clearly that the physical boundary does not
correspond to a boundary of the manifold in the composition
space. Therefore it is important to know how the boundaries

Fig. 1 Left: Plot of the toy example in physical space; blue: 1, yellow: 2, green: 3. Right: Plot of the toy example in composition space, surface: lowdimensional manifold, green curve: boundary points in physical space.

of the manifold evolve in time, and how the physical
dimension maps to the manifold dimension.
III. REDIM
The method of reaction-diffusion manifolds (REDIM) [711] approximates the dynamics of the detailed system (1) in
the composition space. It solves an evolution equation for
the manifold based on an initial guess (where the dimension
is already prescribed) and on an estimation of the local
gradients, assuming that the gradients are unique functions
of the thermo-kinetic state. Thus, while looking at the
simple toy example shown above several important
questions arise:
1. How can the reduced model dimension be defined?
In this work we show how the information about the
system gradients in the compositions space can be
used to answer this question.
2. How can the boundary (and its evolution) in
composition space be described? We show that at
the boundary of the manifold the component of the
gradient in physical space tangential to the manifold
and perpendicular to the boundary vanishes. This
allows us to devise an evolution equation for the
boundary of the manifold.
3. How well is the dynamics characterized by a
gradient estimate that depends only on the location
in the composition space and not on the location in
physical space? It is evident that if one point in
composition space can correspond to different points
in physical space, then in reality the gradient is not a
unique function of the location in composition
space. Therefore we discuss the influence of the
gradient estimate on the evolution of the manifold.
IV. CONCLUSIONS
In spite of the progress made in the development of the
REDIM model reduction strategy, there are several very
difficult and complicated issues concerning the spatial
dependence of the manifold. The simplest and most obvious

way to solve this problem is to postulate “complete”
independence of the manifold on the spatial phenomena. In
this study, however, we show how these problems can be
handled in a more sophisticated way.
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