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Abstract -- The Rate-Controlled Constrained-Equilibrium
(RCCE) method [1] provides a general framework that
enables, with the same ease, reduced order kinetic modelling
at three different levels of approximation: shifting
equilibrium, frozen equilibrium, as well as non-equilibrium
chemical kinetics. The method in general requires a
significantly smaller number of differential equations than
the dimension of the underlying Detailed Kinetic Model
(DKM) for acceptable accuracies. To provide accurate
approximations, however, the method hinges on the accurate
identification of the bottleneck kinetic mechanisms
responsible for slowing down the relaxation of the state of
the system towards local chemical equilibrium. In other
words, the method requires that such bottleneck
mechanisms be characterized by means of a set of
representative rate-limiting constraints. So far, a drawback
of the RCCE method has been the absence of a systematic
algorithm allowing a fully automatable identification of the
best constraints for a given range of thermodynamic
conditions and a required level of approximation. In this
talk, we show how such an algorithm can be constructed
when the underlying DKM partitions the chemical reactions
into groups with common behaviour of the degrees of
disequilibrium (DoD).

In any given DKM the number of rate-limiting kinetic
bottlenecks is generally much smaller than the number of
species in the model. As a result, the DoDs of all the
chemical reactions effectively assemble into a small
number of groups that bear the information of the ratecontrolling constraints. The DoDs of all reactions in each
group exhibit almost identical behaviour (time evolution,
spatial dependence). Upon identification of these groups,
the proposed kernel analysis of N matrices that are
obtained from the stoichiometric coefficients yields the N
constraints that effectively control the dynamics of the
system. The method is demonstrated within the
framework of modelling the expansion of products of the
oxy-combustion of hydrogen through a quasi onedimensional supersonic nozzle.
The setup of interest is one that was also considered in
[2]. It involves supersonic relaxation of combustion
products within a diverging nozzle. At the throat the inlet
flow conditions are sonic based on frozen Mach number.
Temperature and pressure at the throat are 3000 K and 25
atm, respectively. Based on a full DKM simulation
according to the details in [2], Figure 1 shows how the
DoDs of the 24 reactions vary along the nozzle axis.
The main observation that we put forward in this talk is
that, in addition to the "equilibrated reactions" (those with
approximately zero DoDs, i.e., zero affinity), the grouping
of the non-zero DoDs also carry additional information
that is important for constraint selection. Figure 1 shows
clearly that for the given conditions the reactions with
non-zero DoDs group into three other groups that to a
high degree of approximation share at every downstream
position the same value of DoD.
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Figure 1. Degrees of disequilibrium,
, of
the 24 reactions in the DKM [2] plotted versus the
dimensionless downstream coordinate along the nozzle
axis,
distance from throttle / throttle diameter.
The fact that when pulled out of equilibrium at a
particular rate the reactions turn out to place themselves
into one of a small number of groups characterized by
levels of DoD shared exactly or approximately by all
reactions in the group, provides strong indications that
allow to fully pin down the governing constraints.
While the DoD=0 "group 0" identifies several possible
constraints as discussed in [2], the grouping into three
nonzero levels of DoD is an indication that there are only
two bottlenecks, each characterized by a different
relaxation time, so that the rate-limiting constraints are
only two. One is responsible for the DoD profile
common to all reactions in "group A": 7-8-9-10
which turn out to be rate controlled by the familiar M
constraint (M = total number of moles). The other is
responsible for the DoD profile
common to all
reactions in "group B": 12-15-16-17-19-22-24 which turn
out to be effectively rate controlled by the physically
unexpected FO-FV constraint (FO-FV = free oxygen
minus free valence). Reactions 1-2-3-4-5-6 instead form a
third group that we call "group A+B" because it exhibits a
DoD profile that is the sum of the preceding two, i.e.,
. This clearly means
that reactions in group A+B are effectively slowed down
(rate controlled) by both bottlenecks A and B.
The above observation is enough to identify the two
corresponding constraints A and B. Indeed,
1) reactions in Group 0 have no direct effect on either of
the rates and ;
2) reactions in Group A have no direct effect on ;
3) reactions in Group B have no direct effect on .
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where
is the column vector with components
and
the transpose of matrix .
It is useful to remind that the
-th and
-th rows
and
of the constraint matrix
, i.e., the element
conservation constraints, are orthogonal to all the columns
of the full stoichiometric matrix
( from 1 to 24), i.e.,
for all the reactions in the DKM,
i.e.,

(3)

As a consequence, once we find vectors
and
that
satisfy Eqs. (1) and (2), respectively, than we can
substitute the linearly independent set of constraints
,
,
,
with any other linearly independent set of
vectors in their linear span.
From linear algebra, equation
means that
vector
is in the null space (kernel) of the matrix
and
vector
in the null space (kernel) of the matrix . If we
compute
we find that it is three dimensional (to
compute the kernel, we may use, e.g., the MatLab function
kA=null(A,'r') which applies Gauss elimination to compute
a basis for the kernel of matrix A and returns it as the
columns of matrix kA). In fact,
is the linear span
of three linearly independent constraints:
,
, and
. Similarly,
is the linear span of
,
,
and
. However, we can easily identify the components
of
and
orthogonal to the two dimensional linear
span of constraints
and
, by computing instead the
null spaces of the two matrices
(4)
(5)
obtained by appending to matrices
and
the column
vectors representing the elemental constraints and then
taking the transpose.
As a result we find that:
is the one-dimensional
linear span of a linear combination of constraints (EH,
EO, M);
is the one-dimensional linear span of a
linear combination of constraints (EH, EO, FO-FV).
The main result of the new algorithm is that it identifies
automatically the set of four constraints (EH, EO, M, FOFV) as the one effectively governing the dynamics under
the given geometry and boundary conditions. Importantly,
it does so with no need for any additional physical insight,
other than the inspection of the grouping of reactions that
in Figure 1 is quite evident.
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where we denote by
the column vector with
components
and by
the transpose of matrix ;
2) the -th row
of the constraint matrix
is
orthogonal to the subset
of columns of the
stoichiometric matrix
with = 11-13-14-18-20-21-23
and 7-8-9-10, i.e., for all the reactions in Groups 0 and A,
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Based on the above observations, we can conclude that:
1) the -th row
of the constraint matrix
is
orthogonal to the subset
of columns of the
stoichiometric matrix
with = 11-13-14-18-20-21-23
and 12-15-16-17-19-22-24, i.e., for all the reactions in
Groups 0 and B,
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Figure 2. Plots of nozzle cross sectional area over
throttle area, of temperature , specific impulse (defined
as the thrust force per unit mass flow rate of the
propellant) and mole fractions
of all species versus
dimensionless downstream axial distance resulting from
RCCE simulations compared with the corresponding data
from the underlying DKM simulation The constraints
used in the different RCCE simulations are: the two sets
of constraints obtained in [2], namely, the 5-constraints
set RCCE(5)-JPP = (EH, EO, M, FO, FV) and the 4constraints set RCCE(4)-JPP = (EH, EO, H+H2,
O+OH+H2O); and the 4-constraints set RCCE(4)Present Method = (EH, EO, M, FO-FV) resulting from
the selection methodology presented here.
To validate the method, Figure 2 shows the results of an
RCCE simulation using our 4-constraints set (EH, EO, M,
FO-FV) compared with the results of the DKM simulation
as well as the RCCE simulations based on the sets of
constraints obtained in [2], namely, the 5-constraints set
(EH, EO, M, FO, FV) and the 4-constraints set (EH, EO,
H+H2, O+OH+H2O). The results are very encouraging.
In a forthcoming article we will present a more systematic
extension of the algorithm for constraint selection that
makes it applicable also to cases in which the DoD-based
grouping of reactions resulting from the full underlying
DKM is not as evident as for the present case and
therefore cannot be inferred by simple inspection of DKM
results.
In summary, in this talk we present an introduction to a
new systematic approach to determine constraints for use
in the Rate-Controlled Constrained-Equilibrium method.
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