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Abstract— The research on reduction methods is driven by
the complexity of chemical reaction systems, to seek simpliﬁed
systems involving a smaller set of species and reactions
that can approximate the original detailed systems in the
prediction of speciﬁc quantities of interest. The existence of
such reduced systems frequently hinges on the existence of
a lower-dimensional, attracting, and invariant manifold characterizing long-term dynamics. The Computational Singular
Perturbation (CSP) method provides a general framework
for analysis and reduction of chemical reaction systems. In
this work we propose an algorithm based on the theory
of stochastic singular perturbation, that can be applied to
stochastic reaction systems with stiffness, to obtain their
random low-dimensional manifolds.

I. I NTRODUCTION
Consider a well-stirred, thermally equilibrated mixture
consisting of N chemical species {Si }i=1,...,N , which interact through M chemical reaction channels
Rj :

N
�
i=1

aij Si −→

N
�

bij Si ,

j = 1, . . . , M

i=1

where aij , bij ≥ 0 are the stoichiometry coefﬁcients. Arranging the stoichiometry coefﬁcients into an N ×M matrix
gives the stoichiometric matrix Γ = (γij )i=1,...,N, j=1,...,M .
Denote by xi (t) the concentration of species Si in the
system at any time t, and x = (x1 , x2 , . . . , xN )T the
state vector. Then reaction rate equations (RREs) describing
chemical kinetics at the continuum level are:
dx
= Γ · R(x) := G(x),
dt

(1)

where R(x) = (R1 (x), . . . , RM (x))T , and Rj (x), j =
1, . . . , M is the rate of progress of the jth reaction.
When there are two classes of variables, e.g., m fast
species and n slow species∗ , the vector ﬁeld G can be cast
in the following form:
�
� �
��
�
εg1
Im 0
εg1
G=
=
,
(2)
g2
g2
0 In
∗ A species is declared fast/slow if its time evolution is dominated by
the fast/slow processes.

where ε is a small parameter that characterizes the spectral
gap of the vector ﬁeld, Im and In are the identity matrices in
Rm and Rn , respectively. The theory of geometric singular
perturbation (GSP) provides a framework to analyze fastslow ODE systems such as (2) and gives an abstract
description of the slow manifold Mε (if it exists) for ε
sufﬁciently small.
The traditional stoichiometric matrix used in (1) is physically meaningful, but not unique. In fact, one can always
decompose the N -dimensional vector G into N additive
components or modes. The CSP method [3,4,6–8] seeks a
“good” basis for the vector ﬁeld G, by which the fast and
slow dynamics are decoupled. This object is achieved by
deriving the evolution equations for the fast and slow modes
and updating the basis iteratively. After each iteration, CSP
identiﬁes an approximation to the slow manifold Mε by
GSP theory along with an approximation of the reduced
dynamics on the slow manifold.
Chemical reactions are stochastic in principle. The ODE
system (1) is physically meaningful only when the system
size is at continuum/macroscopic scales, where stochastic
effects are averaged out. When particle counts are large,
e.g., O(103 ), but not sufﬁciently so to make the continuum approximation viable, the chemical Langevin equation
(CLE) can be used to simulate the state dynamics [2].
The theory of stochastic geometric singular perturbation can
be used to analyze general fast-slow stochastic differential
equations, providing an abstract description of the random
slow manifold if it exists [1]. By using the theory of random
dynamical systems, a geometric description of the random
slow manifold can be constructed for particular classes of
fast-slow CLEs with a simpliﬁed structure of the noise [5].
These results provide the theoretical foundation for developing an algorithm analogous to the CSP, which we name
CSSP (computational stochastic singular perturbation), that
can approximate the random slow manifold and the reduced
dynamics on the manifold, for stochastic chemical reactions
systems described by CLEs. The foundations of the CSSP
method are highlighted brieﬂy in the following.

II. M ATHEMATICAL F ORMULATION

Similar to (3), we represent G in (8) as

A. CSP for RREs
Given a set of N linearly independent column basis vectors ai , i = 1, . . . , N , The vector ﬁeld G can be represented
as
N
�
G(x) =
ai gi (x),
(3)
i=1

where gi is the amplitude of the i-th mode given by gi (x) :=
bi � G, where � denotes the dot product, and bi is the set
of row vectors which are the inverses of ai satisfying
bi � aj = δij ,

i, j = 1, . . . , N

(4)

where δij is the Kronecker delta. Differentiating (1) with
respect to time gives
dG
= J � G,
dt

(5)

where J = ∂G
∂x is the Jacobian matrix of G with respect to
x. Taking the inner product of bi with (5) results in
dgi
dt
Λij

=

N
�

Λij gi ,

i = 1, . . . , N

j

=

�

dbi
+ bi � J
dt

�

� aj ,

(6)
i, j = 1, . . . , N. (7)

CSP starts from a trial set of ordered basis, and generates a
new reﬁned set of basis vectors, using a two-step reﬁnement
procedure. The choice of the trial set is not unique. A natural
choice is the eigenvectors of J, as these form the ideal
basis vectors† for linear problems. CSP does not aim to ﬁnd
the ideal basis vectors, but rather to compute eigenvectors
and produce a block diagonal Λij when converged [6,8].
Nevertheless the basis vectors provide critical information
to CSP algorithms.
In our work we will ﬁrst formulate the ideal basis vectors
and the initial trial for general chemical Langevin equations.
We will also develop an algorithm to derive computationally
simpliﬁed models for stochastic chemical reaction systems.
B. CSSP formulation for CLEs
Consider a chemical Langevin equation of the general
form
dX = G(X)dt + G(X)dW (t),
(8)

where X = (X1 , X2 , . . . , XN )T is a stochastic process,
W (t) denotes a K-dimensional standard Brownian motion,
and G is an N × K matrix-valued function. Our goal is to
compute the reduced (stochastic) reaction system, that has
lower dimension than (8) but approximates select features
of (8) qualitatively and quantitatively.
† A set of basis vectors a (t) is said to be ideal if (i) the inverse row
i
vectors bi (t) can be accurately computed from (4) for all time interval of
i
interest, (ii) Γj (t) is diagonal, and (iii) the diagonal elements of Γij (t) are
ordered in descending magnitudes.

G(X) =

N
�

αi gi (X).

i=1

However, the amplitude of the i−th mode, gi now evolves
according to stochastic differential equations instead of
ordinary differential equations:
�
�
N ��
�
dbi
dgi =
+ bi � J � aj gj
dt
j=1
+bi � J � G(X)dW (t).

We will choose the trial set of ordered basis vectors at
each time t to be the eigen-vectors of J(t). The reﬁnement
will be done by following the same procedure as in CSP,
i.e., fast row and slow column vectors, followed by slow
row and fast column vectors, if necessary. However, the
number of exhausted modes will be obtained in a drastically
different way. This is due to the stochasticity of functions
gi . Simply requiring the contribution of fast modes to G to
be negligible is no longer valid, as fast oscillations caused
by stochastic effects still exist, even on the slow manifold.
We will develop an exhaustion criterion for CSSP, based on
the theory of geometric singular perturbation for stochastic
differential equations [1], and will illustrate the scheme.
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